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ON THE YAMABE PROBLEM ON CONTACT RIEMANNIAN MANIFOLDS
FEIFAN WU AND WEI WANG
Abstract. Contact Riemannian manifolds, whose complex structures are not necessarily inte-
grable, are generalization of pseudohermitian manifolds in CR geometry. The Tanaka-Webster-
Tanno connection plays the role of the Tanaka-Webster connection of a pseudohermitian man-
ifold. Conformal transformations and the Yamabe problem are also defined naturally in this
setting. By constructing the special frames and the normal coordinates on a contact Riemann-
ian manifold, we prove that if the complex structure is not integrable, its Yamabe invariant
on a contact Riemannian manifold is always less than the Yamabe invariant of the Heisenberg
group. So the Yamabe problem on a contact Riemannian manifold is always solvable.
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1. Introduction
The Yamabe Problem in Riemannian Geometry was completely solved during 70’s-80’s (cf.
[1], [12], [14], [18] and references therein). For the analogous CR Yamabe problem, Jerison and
Lee proved in [9] [10] that there is a numerical CR invariant λ(M) called the Yamabe invariant,
and for any compact, strictly pseudoconvex (2n + 1)-dimensional CR manifold M , it is always
less than or equal to the Yamabe invariant λ(H n) of the Heisenberg group H n. Furthermore
if λ(M) < λ(H n), then M admits a pseudohermitian structure with constant scalar curvature.
In [11], Jerison and Lee proved that λ(M) < λ(H n) holds if n > 2 and M is not locally CR
equivalent to S2n+1. The remaining case was solved by Gamara and Yacoub in [6] [7]. The
purpose of this paper is to solve the Yamabe problem on general contact Riemannian manifolds.
This problem has already been studied by Zhang [26] by using the contact Yamabe flow.
A (2n + 1)-dimensional manifold (M,θ) is called a contact manifold if it has a real 1-form θ
such that θ∧dθn 6= 0 everywhere on M . We call such θ a contact form. There exists a unique
vector field T , the Reeb vector field, such that θ(T ) = 1 and Tydθ = 0. It’s known that given a
contact manifold (M,θ), there are a Riemannian metric h and a (1, 1)-tensor field J on M such
that
h(X,T ) = θ(X),
J2 = −Id+ θ ⊗ T,
dθ(X,Y ) = h(X,JY ),
(1.1)
for any vector field X,Y (cf. p. 278 in [3] or p. 351 in [17]). Such a metric h is said to be
associated with θ, and J is called an almost complex structure. Given a contact form θ, once
h is fixed, J is uniquely determined, and vise versa. (M,θ, h, J) is called a contact Riemann-
ian manifold. HM := Ker(θ) is called the horizontal subbudle of the tangent bundle TM .
On a contact Riemannian manifold, there exists a distinguished connection called the Tanaka-
Webster-Tanno connection ∇ (or TWT connection briefly). In the CR case, this connection is
exactly the Tanaka-Webster connection (cf. [16] and [22]). Tanno constructed this connection
for general contact Riemannian manifolds in [17]. Since there is no obstruction to the existence
of the almost complex structure J , contact Riemannian structures exist naturally on any contact
manifold and analysis on it has potential applications to the geometry of contact manifolds (cf.
e.g. [13], [15] and [24]).
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Let CTM be the complexification of TM . CTM has a unique subbuddle T (1,0)M such that
JX = iX for any X ∈ Γ(T (1,0)M). Here and in the following, Γ(S) denotes the space of all
smooth sections of a vector bundle S. Set T (0,1)M = T (1,0)M . Then for any X ∈ T (0,1)M ,
JX = −iX. J is called integrable if [Γ(T (1,0)M),Γ(T (1,0)M)]⊂Γ(T (1,0)M). If J is integrable,
J is called a CR structure and (M,θ, h, J) is called a pseudohermitian manifold. By [17], the
integrable condition holds if and only if the Tanno tensor Q = ∇J = 0. In general, a contact
Riemman manifold is not a CR manifold.
Under conformal transformations of a contact Riemannian manifold, which is given by
θ̂ = fθ,
for some positive function f , we have the transformation formulae
(θ, J, T, h)→ (θ̂, Ĵ , T̂ , ĥ),
with Ĵ , T̂ , ĥ given by
T̂ =
1
f
(T + ζ),
ĥ = fh− f
(
θ ⊗ ω + ω ⊗ θ
)
+ f(f − 1 + ||ζ||2)θ ⊗ θ,
Ĵ = J +
1
2f
θ ⊗
(
∇f − T (f)T
)
,
(1.2)
(cf. (12) in [3] or Lemma 9.1 in [17]), where ζ = 12f J∇f and ω satisfies ω(X) = h(X, ζ) for
X ∈ TM .
The contact Riemannian Yamabe problem is that given a compact contact Riemannian man-
ifold (M,θ, h, J), find θ̂ conformal to θ such that its scalar curvature is constant. It is known
that (cf. p. 337 in [3]) if we write the conformal transformation θ̂ = fθ with f = u2/n, the
scalar curvature R̂ of the TWT connection transforms as
bn∆θu+Ru = R̂u
(n+2)/n, bn = 2 +
2
n
, (1.3)
where ∆θ is the sub-laplacian. (1.3) is the contact Riemannian Yamabe equation. The Yamabe
functional is defined as
Yθ,h(u) =
∫
M (p|du|
2
H +Ru
2)dVθ
(
∫
M u
pdVθ)2/p
, p = bn = 2 +
2
n
, (1.4)
where |du|H is the norm of the horizontal part of du and dVθ is the volume form. The solutions
to the Yamabe problem are critical points of the Yamabe functional Yθ,h. The Yamabe invariant
is defined by
λ(M) = inf
u
Yθ,h(u). (1.5)
Equivalently,
λ(M) = inf{Aθ,h(u) : Bθ,h(u) = 1}, (1.6)
where Aθ,h(u) =
∫
M (bn|du|
2
H +Ru
2)dVθ, Bθ,h(u) =
∫
M |u|
pdVθ.
Our main result in this paper is
Theorem 1.1. Suppose (M,θ, h, J) is a compact contact manifold of dimension 2n+1, n ≥ 2.
If the almost complex structure J is not integrable, then λ(M) < λ(H n).
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Here we require n ≥ 2 because the almost complex structure on a 3-dimensional contact
Riemannian manifold is automatically integrable.
Corollary 1.1. If the contact Riemannian manifold M is not integrable, then the infimum (1.5)
is attained by a positive C∞ solution to (1.3). Thus the contact form θ̂ = up−2θ has constant
scalar curvature R ≡ λ(M).
It is well-known that the function
Φ(z, t) =
1
|w + i|n
, w = t+ i|z|2, z ∈ C2n, t∈R, (1.7)
is an extremal for the Yamabe functional on the Heisenberg group (cf. [10]). For each ε > 0,
Φε := ε−nδ∗1
ε
Φ = εn|w + iε2|
−n
is also an extremal. As in CR case [11], we use the test function
f ε(z, t) = ψ(w)Φε(z, t),
to calculate the asymptotic expansion for Yθ,h(f
ε) as ε→0, where ψ ∈ C∞0 (M) is supported in
the set {|w| < 2κ} and ψ(w) = 1 for |w| < κ for κ > 0.
To solve the CR Yamabe problem, Jerision and Lee constructed the pseudohermitian nor-
mal coordinates by parabolic geodesics and parabolic exponential map in [11]. On a contact
Riemannian manifold, in Section 2, we also have the parabolic geodesics analogous to the CR
case. For a fixed point q, the parabolic geodesics induce a natural map from TqM to M , called
the parabolic exponential map. The Reeb vector T is automatically parallel along the parabolic
geodesics. Choosing a basis {Wα;q}
n
α=1 of the complex vector space T
(1,0)
q M and its conjugation
{Wα¯;q} of T
(0,1)
q M , and extending them by parallel translation along the parabolic geodesics,
together with W0 = T , we get a special frame in a neighborhood of q. The normal coordinates
is the coordinates with respect to this special frame.
In the CR case, the complex structure is preserved under the parallel translation, and so
T (1,0)M and T (0,1)M are preserved. But on a general contact Riemannian manifold, the complex
structure is not preserved under the parallel translation. Namely, the special frame {Wα}
n
α=1 is
not a T (1,0)M frame even if it is a basis of T
(1,0)
q M at point q. This is our main difficulty.
With the normal coordinates, following the method in [11], the asymptotic expansion of
Yθ,h(f
ε) can be calculated explicitly by using certain invariants at the origin. These invariants
are constructed by the curvature, Webster torsion and Tanno tensors. In the CR case, besides
the first term, the first nonzero term of the Yamabe functional Yθ,h(f
ε) is O(ε4). Because our
frame {Wa} is not holomorphic or anti-holomorphic, our expansion of Yθ,h(f
ε) is much more
complicated than that in the CR case. Notably, we have to expand the almost complex structure
J asymptotically near q. While in the CR case, J is constant. But fortunately, if the Tanno
tensor is nonvanishing at point q, the second-order term of the Yamabe functional Yθ,h(f
ε) is
already nonzero. This makes the calculation easier than we expected. The Tanno tensor plays
an important role in the analysis of contact Riemannian manifolds (see also [24]).
In Section 3, we construct the invariant
Q =
∑
α,β,γ
|Qγ¯αβ(q)|
2,
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where Qγ¯αβ is the components of the Tanno tensor with respect to a special frame. The Tanno
tensor is nonzero at point q if and only if Q is strictly positive at this point. In Section 4, as in
the CR case in Section 3 in [11], for a fixed contact form θ, we can make certain components of
the curvature tensor R γ
α γβ¯
(q) and the Webster torsion tensor vanish at point q after a suitable
conformal transformation. This will make our calculation easier.
In Section 5, we calculate the asymptotic expansion for Yθ,h(f
ε) explicitly. By the preparation
in Section 3 and Section 4, we finally find
Yθ,h(f
ε) = λ(H n)
(
1−
3n− 1
12(n − 1)n(n+ 1)
Qε2
)
+O(ε3). (1.8)
So if the complex structure is not integrable, we prove the main theorem.
In Appendix A, we discuss the transformation formulae of the connection coefficients, the
Webster torsion tensor and curvature tensors under the conformal transformations, and the
covariance of the Webster torsion and curvature tensors, which is used in Section 4. In Appendix
B, we give the details of the calculation of the second-order terms of the Yamabe functional
Yθ,h(f
ε).
Besides the Yamabe problem on Riemmanian manifolds, CR manifolds, and contact Rie-
mannian manifolds, there is also the Yamabe problem on quaternionic contact manifolds (cf.
[8], [20] and references therein). It is interesting to find the asymptotic expansion of this Yamabe
functional. Another interesting problem is to find the asymptotic expansion of the Yamabe-type
functional on differential forms [21].
2. Construction of the normal coordinates
2.1. The TWT connection.
Proposition 2.1. (cf. (7)-(9) in [3]) On a contact Riemannian manifold (M,θ, h, J), there
exists a unique linear connection ∇ such that
∇θ = 0, ∇T = 0,
∇h = 0,
τ(X,Y ) = 2dθ(X,Y )T, X, Y ∈ Γ(HM),
τ(T, JZ) = −Jτ(T,Z), Z ∈ Γ(TM),
(2.1)
where τ is the torsion of ∇, i.e. τ(X,Y ) = ∇XY −∇YX − [X,Y ] for X,Y ∈ Γ(TM).
This connection is called the TWT connection. The (1, 2)-tensor field Q defined by
Q(X,Y ) := (∇Y J)X, X, Y ∈ Γ(TM), (2.2)
is called the Tanno tensor (cf. (10) in [3]). Tanno proved that a contact Riemannian manifold is
a CR manifold if and only if Q ≡ 0 (cf. Proposition 2.1 in [17]). The curvature tensor of TWT
connection is R(X,Y ) = ∇X∇Y −∇Y∇X −∇[X,Y ]. The Ricci tensor of the TWT connection is
defined by Ric(Y,Z) = tr{X −→ R(X,Z)Y }, for any X,Y,Z ∈ TM . The scalar curvature is
R = tr(Ric).
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We extend h, J and ∇ to the complexified tangent bundle by C-linear extension:
h(X1 + iY1,X2 + iY2) := h(X1,X2)− h(Y1, Y2) + i
(
h(X1, Y2) + h(X2, Y1)
)
,
J(X1 + iY1) := JX1 + iJY1,
∇(X1+iY1)(X2 + iY2) := ∇X1X2 −∇Y1Y2 + i
(
∇X1Y2 +∇Y1X2
)
,
(2.3)
for any Zj = Xj + iYj ∈ CTM , j = 1, 2.
Corollary 2.1. The Riemannian metric h, the complex structure J , the TWT connection, the
torsion and curvature tensors are preserved under the complex conjugation, i.e.,
h(Z1, Z2) = h(Z1, Z2), JZ1 = JZ1, ∇Z1Z2 = ∇Z1Z2,
τ(Z1, Z2) = τ(Z1, Z2), R(Z1, Z2)Z3 = R(Z1, Z2)Z3,
for any Z1, Z2, Z3 ∈ CTM .
Proof. For Z1, Z2, Z3 ∈ CTM , h, J and ∇ are preserved under the complex conjugation follows
from the definition of the extension (2.3).
It’s apparent that [Z1, Z2] = [Z1, Z2]. Since we already have ∇ are preserved under the
complex conjugation, so by the definitions of τ and R, τ(Z1, Z2) = ∇Z1Z2−∇Z2Z1−[Z1, Z2] and
R = ∇Z1∇Z2Z3−∇Z2∇Z1Z3−∇[Z1,Z2]Z3 are also preserved under the complex conjugation. 
2.2. The structure equations.
Notation 2.1. In this paper, from now on, we adopt the following index conventions:
a, b, c, d, e, · · · ∈ {1, 2, · · · , 2n},
j, k, l, r, s, · · · ∈ {0, 1, · · · , 2n},
α, β, γ, ρ, λ, µ, · · · ∈ {1, · · · , n},
α¯ = α+ n.
The order of index j is defined to be o(j) = 2 if j = 0, and o(j) = 1 otherwise. For a multi-index
J = (j1, · · · , js), we denote ♯J = s, o(J) = o(j1) + · · ·+ o(js), x
J = xj1 · · · xjs, ZJ = Zjs · · ·Zj1 ,
and ∂J = ∂
s/∂xjs · · · ∂xj1 .
In this subsection, we consider the structure equations with respect to a general frame {Wj},
where {Wa} are horizontal and W0 = T is the Reeb vector field. Let Uq be a neighborhood of
a point q where this frame is defined. It’s easy to see that h(T, T ) = θ(T ) = 1 and h(Wa, T ) =
θ(Wa) = 0 by (1.1). In horizontal space, we set h(Wa,Wb) = hab and using hab and its inverse
matrix to lower and raise indices. And the Einstein summation convention will be used.
Let {θj} be the coframe dual to {Wj}. Write ∇Wj = ω
k
j ⊗Wk, with the TWT-connection
1-forms ωkj = Γ
k
ijθ
i. For the almost complex structure J , we write J = J lkθ
k⊗Wl or equivalently
JWk = J
l
kWl.
Proposition 2.2.
ωk0 = 0, ω
0
j = 0, Γ
k
i0 = 0, Γ
0
ij = 0,
Jk0 = 0, J
0
j = 0, Jab = −Jba.
(2.4)
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Proof. ωk0 = 0 follows from ∇T = 0. And by θ(∇X) = 0 for any X ∈ HM , we have ω
0
a = 0.
ω0j = 0 follows. Γ
k
i0 = 0 and Γ
0
ij = 0 follows from ω
k
0 = 0 and ω
0
j = 0, respectively.
Note that (1.1) implies some useful relations (cf. p. 351 in [17]),
JT = 0, θ(JX) = 0,
h(X,Y ) = h(JX, JY ) + θ(X)θ(Y ), dθ(X,JY ) = −dθ(JX, Y ),
(2.5)
for any X,Y ∈ TM . JT = 0 implies Jk0 = 0, and θ(JWj) = 0 in (2.5) implies J
0
j = 0. Since
h(Wa, JWb) = h(Wa, J
c
bWc) = hacJ
c
b = Jab, (2.6)
holds by h(X,JY ) = dθ(X,Y ) = −dθ(Y,X) = −h(Y, JX), for any X,Y ∈ TM , we get Jab =
h(Wa, JWb) = −h(Wb, JWa) = −Jba. 
The Webster torsion is defined by
τ∗(X) = τ(T,X), X ∈ TM,
(cf. p. 279 in [3]). We have the following lemma for the Webster torsion.
Lemma 2.1. Let (M,θ, h, J) be a contact Riemannian manifold and T be the Reeb vector.
Then:
(1) (cf. Lemma 1 in [3]) (a) τ∗(T ) = 0, (b) τ∗◦J + J◦τ∗ = 0, (c) τ∗TM ⊂ HM ,
(d) τ∗T
(1,0)M⊂T (0,1)M , τ∗T
(0,1)M⊂T (1,0)M .
(2) (cf. Lemma 3 in [3]) The Webster torsion τ∗ is self-adjoint, i.e. h(τ∗X,Y ) = h(X, τ∗Y )
for any X,Y ∈ TM .
By (c) in Lemma 2.1 (1), we can write τ∗(Wa) = A
b
aWb. And we define τ
a := Aabθ
b. We also
write R(Wk,Wl)Wj = ∇Wk∇WlWj −∇Wl∇WkWj −∇[Wk,Wl]Wj = R
s
j klWs, for the components
of the curvature tensor.
Recall that we have the following identities for exterior derivatives
φ ∧ ψ(X,Y ) =
1
2
(
φ(X)ψ(Y )− ψ(X)φ(Y )
)
,
Xy(φ ∧ ψ) = 2(φ ∧ ψ)(X, ·) = φ(X)ψ − ψ(X)φ,
2(dφ)(X,Y ) = X(φ(Y ))− Y (φ(X)) − φ([X,Y ]) = (∇Xφ)Y − (∇Y φ)X + φ(τ(X,Y )),
(2.7)
where φ and ψ is any 1-form. The Lie derivation of a differential form φ is given by
LXφ = Xydφ+ d(Xyφ). (2.8)
Note that here we use the definition of the exterior derivative with a factor 12 . The reason we
use this definition is that the n-form defined is this way has the property that dx1∧ · · · ∧dxn
equals to the Lebesgue measure on Rn. We may refer to Section 4 in [2] for these identities.
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Proposition 2.3. With Jab, Aab, R
b
a cd defined as above, we have the following structure equa-
tions.
dθ = Jαβθ
α ∧ θβ + 2Jαβ¯θ
α ∧ θβ¯ + Jα¯β¯θ
α¯ ∧ θβ¯,
dθa = θb ∧ ωab + θ ∧ τ
a = θb ∧ ωab +A
a
bθ ∧ θ
b,
dωba − ω
c
a ∧ ω
b
c = R
b
a λµ¯θ
λ ∧ θµ¯ +
1
2
R ba λµθ
λ ∧ θµ +
1
2
R ba λ¯µ¯θ
λ¯ ∧ θµ¯ +R ba 0µ¯θ ∧ θ
µ¯ −R ba λ0θ ∧ θ
λ,
R(X,Y )Wa = 2
(
dωba − ω
c
a ∧ ω
b
c
)
(X,Y )Wb.
(2.9)
Proof. By (1.1) and (2.6), we have dθ(Wα,Wβ) = h(Wα, JWβ) = Jαβ , dθ(Wα,Wβ¯) = Jαβ¯ ,
dθ(Wα¯,Wβ¯) = Jα¯β¯. We also have dθ(T, ·) ≡ 0. So the first identity in (2.9) follows.
Substituting φ = θa, X = Wc and Y = Wd in (2.7), by (∇Xφ)Y = X(φ(Y )) − φ(∇XY ) for
any 1-forms φ, we get
2dθa(Wc,Wd) = (∇Wcθ
a)Wd − (∇Wdθ
a)Wc + θ
a(τ(Wc,Wd)) = −θ
a(∇WcWd) + θ
a(∇WdWc)
= −Γacd + Γ
a
dc = 2(θ
b ∧ ωab +A
a
bθ ∧ θ
b)(Wc,Wd),
by (2.1) and (2.7). And similarly we get
2dθa(T,Wd) = (∇T θ
a)Wd − (∇Wdθ
a)T + θa(τ(T,Wd)) = −θ
a(∇TWd) +A
a
d
= −Γa0d +A
a
d = 2
(
θb ∧ ωab +A
a
bθ ∧ θ
b
)
(T,Wd).
So the second identity in (2.9) holds.
For the fourth identity of (2.9), we have
R(X,Y )Wa = ∇X∇YWa −∇Y∇XWa −∇[X,Y ]Wa
= ∇X(ω
b
a(Y )Wb)−∇Y (ω
b
a(X)Wb)− ω
b
a([X,Y ])Wb
= X(ωba(Y ))Wb − Y (ω
b
a(X))Wb − ω
b
a([X,Y ])Wb + ω
b
a(Y )ω
c
b(X)Wc − ω
b
a(X)ω
c
b(Y )Wc
= 2
(
dωba − ω
c
a ∧ ω
b
c
)
(X,Y )Wb,
by the definition of curvatures and (2.7). The third identity of (2.9) follows by applying both
sides to X =Wj, Y =Wk in the fouth identity of (2.9). 
Remark 2.1. Note that the structure equations (13), (14) and (39) in [3] are the special case of
(2.9) with respect to a T (1,0)M -frame.
Consequently, we have
R ba cd = 2(dω
b
a)(Wc,Wd)− 2ω
e
a ∧ ω
b
e(Wc,Wd)
= (∇Wcω
b
a)(Wd)− (∇Wdω
b
a)(Wc) + ω
b
a(τ(Wc,Wd))− Γ
e
caΓ
b
de + Γ
e
daΓ
b
ce
=WcΓ
b
da −WdΓ
b
ca − ω
b
a(∇WcWd) + ω
b
a(∇WdWc) + ω
b
a(2h(Wc, JWd)T )− Γ
e
caΓ
b
de + Γ
e
daΓ
b
ce
=WcΓ
b
da −WdΓ
b
ca − Γ
e
cdΓ
b
ea + Γ
e
dcΓ
b
ea − Γ
e
caΓ
b
de + Γ
e
daΓ
b
ce + 2Γ
b
0aJcd, (2.10)
by (2.1), (2.7) and the fourth identity in (2.9).
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2.3. The special frame and the normal coordinates. H n = Cn × R with coordinates
x = (z, t) has the structure of the Heisenberg group. The Heisenberg norm is |x| = (|z|4+ t2)1/4.
Here we choose the contact form Θ = dt − izαdzα¯ + izα¯dzα on H n and set Θα = dzα. Their
dual are
Z0 =
∂
∂t
, Zα =
∂
∂zα
− izα¯
∂
∂t
.
On H n, the orbit of the the parabolic dilation is a parabola through 0 ∈ H n. Recall that
in the Riemannian geometry, the classical exponential map sends radial lines in the tangent
space to geodesics. Similarly, in the CR geometry, Jerison and Lee [11] defined the parabolic
exponential map, which sends a parabola in the tangent space to a parabolic geodesic. In a
contact Riemannian manifold, the parabolic exponential map can be defined in the same way
as in the CR case. A smooth curve γ(s) in a contact Riemannian manifold M is a parabolic
geodesic if it satisfies ODE:
∇γ˙ γ˙ = 2cT, (2.11)
for some c ∈ R, where ∇ is the TWT connection and T is the Reeb vector field. We have the
following proposition.
Proposition 2.4. Let (M,θ, h, J) be a contact Riemannian manifold and q ∈ M . For any
W ∈ HqM and c ∈ R, let γ = γW,c denote the solution to the ODE (2.11) with initial conditions
γ(0) = q and γ˙(0) = W . We call γ the parabolic geodesic determined by W and c. Define the
parabolic exponential map Ψ : TqM →M by
Ψ(W + cT ) = γW,c(1).
Then Ψ maps a neighborhood of 0 in TqM diffeomorphically to a neighborhood of q in M , and
sends sW + s2cT to γW,c(s).
Proof. The proof is the same as that in the CR case (Theorem 2.1 in [11]) since the integrability
of J is not used. Choosing a coordinate {xi} centered at q, we let Γkij denote the Christoffel
symbols of the TWT connection in these coordinates, i.e. ∇ ∂
∂xi
∂
∂xj
= Γkij
∂
∂xk
. ODE (2.11) can
be written as
γ¨k(s) = −Γkij(γ(s))γ˙
i(s)γ˙j(s) + 2cT k(γ(s)), (2.12)
where γ˙k(s) = dx
k
ds (γ(s)), γ¨
k(s) = d
2xk
ds2
(γ(s)) and T k = dxk(T ) in these coordinates. This
proposition follows from the uniqueness of the solution to this ODEs and smooth dependence of
the solution on the parameters. 
A vector field X ∈M is called parallel along a curve γ(s) if it satisfies
∇γ˙X = 0.
Proposition 2.5. Suppose X is a vector field defined in a neighborhood of q in M which is
parallel along each curve γW,c. Then X is smooth near q.
This proposition can be proved in the same way as Lemma 2.2 in [11] since the integrability
of J is not used. Choosing coordinates {xi} centered at q, we can write X = Xj ∂
∂xj
for some
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functions Xj . For each curve γW,c(s), we write ξ
j(s,W, c) = Xj(γW,c(s)). Then the differential
equation ∇γ˙(s)X = 0 becomes:
∂
∂s
ξj(s,W, c) = −Γjkl(γW,c(s))γ˙
k
W,c(s)ξ
l(s,W, c),
with initial condition ξj(0,W, c) = Xj(0). X is smooth since the solutions to this ODEs depend
smoothly on parameters.
As introduced before, the complexification of the tangent space CTqM at point q has a unique
subbuddle T
(1,0)
q M such that JX = iX for any X ∈ T
(1,0)
q M . Set T
(0,1)
q M = T
(1,0)
q M , and for
any X ∈ T
(0,1)
q M , JX = −iX. Furthermore, we choose an orthonormal basis of the horizontal
space with respect to the metric h at point q as in the following lemma.
Lemma 2.2. We can choose Wα;q ∈ T
(1,0)
q M and Wα¯;q := Wα;q ∈ T
(0,1)
q M , such that
h(Wα;q,Wβ¯;q) = δαβ¯ , h(Wα;q,Wβ;q) = 0.
Proof. Choose a real vector {X1} on HqM such that h(X1,X1) = 2 and set Xn+1 := JX1.
Then by h(X1,Xn+1) = h(X1, JX1) = dθ(X1,X1) = 0 and h(Xn+1,Xn+1) = h(JX1, JX1) =
h(X1,X1) = 2, Xn+1 is orthogonal to X1. We can choose X2 orthogonal to span{X1, JX1}, and
define Xn+2 := JX2. Repeating the procedure, we can choose an orthogonal basis X1, · · · ,X2n
with h(Xa,Xb) = 2δab and JXα = Xα+n. Now define
Wα;q :=
1
2
(Xα − iXα+n) =
1
2
(Xα − iJXα), Wα¯;q =Wα;q. (2.13)
We see that Wα;q ∈ T
(1,0)
q M and Wα¯;q ∈ T
(0,1)
q M . Then by (2.13) and C-linear extension (2.3),
we have h(Wα;q,Wβ¯;q) =
1
4h(Xα− iXα+n,Xβ + iXβ+n) =
1
4(h(Xα,Xβ)+h(Xα+n,Xβ+n)) = δαβ¯
and h(Wα;q,Wβ;q) = 0. 
We extend {Wα;q} by parallel translation along each parabola γW,c, i.e. ∇γ˙Wα = 0. Let
Wα¯ = Wα, so Wα¯ is also parallel along γW,c. T is automatically parallel along each curve γW,c
by ∇T = 0 in (2.1). Since every point in some punctured neighborhood U near q is on a unique
γW,c, the frame {Wα,Wα¯, T} is well-defined and smooth near q by Proposition 2.5. We call such
a frame a special frame.
Let {θβ, θβ¯, θ} denote the coframe dual to {Wα,Wα¯, T}, i.e., θ
β(Wα) = δ
β
α, θβ(Wα¯) = θ
β(T ) =
0, and θ(Wα) = θ(Wα¯) = 0, θ(T ) = 1. From now on we denote
W0 := T, θ
0 := θ.
Since ∇T = 0, we have ∇γ˙Wk = 0. So 0 = ∇γ˙(θ
j(Wk)) = (∇γ˙θ
j)(Wk) + θ
j(∇γ˙Wk) =
(∇γ˙θ
j)(Wk) holds for each geodesic γ(s). Namely, ∇γ˙θ
j = 0 along each γ, so {θα, θα¯, θ} is
also parallel along each γ. We call such a coframe a special coframe. Define an isomorphism
ι : TqM → H
n by ι(V ) = (θα(V ), θα¯(V ), θ(V )) = (zα, zα¯, t), which determines a coordinate
chart ι ◦Ψ−1 in a neighborhood of q. We call this chart the normal coordinates determined by
{Wα,Wα¯, T}.
Remark 2.2. (1) In the CR case, Jerison and Lee chose a T (1,0)M -frame at q with norm
h(Wα;q,Wβ¯;q) = 2δαβ¯ , h(Wα;q,Wβ;q) = 0 to construct a special frame. This is because they
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used the structure equation dθ = ihαβ¯θ
α∧ θβ¯ (cf. p. 307 in [11]). But here in contact Riemann-
ian case, we follow [3] to use the structure equation dθ = −2ihαβ¯θ
α ∧ θβ¯ (cf. (13) in [3]) for a
T (1,0)M -frame at q. That’s why we choose a T (1,0)M -frame at q with norm as Lemma 2.2 to
construct a special frame.
(2) By Corollary 2.1, since Wα¯ = Wα holds for our special frame, the complex conjugation
can be reflected in the indices of the components of ωba, hab, J
b
a, Aab, Rabcd and their covariant
derivations, e.g.,
ωβ¯α = ω
β
α¯, J
β
α = J
β¯
α¯, hαβ¯ = hα¯β.
Proposition 2.6. A special frame {Wj} is parallel along each parabolic geodesic and satisfies
hαβ¯ = δαβ¯ , hαβ = 0,
Jβα(q) = iδ
β
α, J
β¯
α(q) = 0,
Jαβ¯(q) = −iδαβ¯ , Jαβ(q) = 0, J
β¯
α = −J
α¯
β.
(2.14)
Proof. By ∇h = 0, we see that
d
ds
(
hab(γ(s))
)
= h(∇γ˙Wa,Wb) + h(Wa,∇γ˙Wb) = 0,
along each γ. So hαβ¯ ≡ δαβ¯ and hαβ ≡ 0 hold near q.
Jβα(q) = iδ
β
α and J
β¯
α(q) = 0 follows from Lemma 2.2 by our choice of the special frame at
q. Then by (2.6), Jαβ¯(q) = hαγ¯J
γ¯
β¯
(q) = −iδαβ¯ and Jαβ(q) = hαγ¯J
γ¯
β(q) = 0 hold. For the last
identity in (2.14), we have J α¯β = hαγ¯J
γ¯
β = Jαβ = −Jβα = −hβγ¯J
γ¯
α = −J
β¯
α by hαγ¯ = δαγ¯ and
the anti-symmetry of Jab in Proposition 2.2. 
Remark 2.3. Recall that when (M,θ, h, J) is a CR manifold, Q = ∇J = 0, and so J is also
parallel along each parabolic geodesic. Hence (Jba) is a constant matrix near q (see Proposition
2.3 in [11]). But on a contact Riemannian manifold (M,θ, h, J), Q = ∇J may not vanish. So
Jba may not be constant near q. We only know that J
β
α(q) = iδ
β
α and J
β¯
α(q) = 0 at the point q.
The following corollary follows from Lemma 2.1.
Corollary 2.2. With respect to a special frame, we have
Aβα(q) = 0, Aαβ¯(q) = 0, Aab = Aba.
The parabolic dilations in this coordinate (z, t) is δs(z, t) = (sz, s
2t) for s > 0, the generator
of the parabolic dilation is the vector field
P(z,t) = z
α ∂
∂zα
+ zα¯
∂
∂zα¯
+ 2t
∂
∂t
. (2.15)
A tensor field ϕ is called homogeneous of degree m if LPϕ = mϕ. For any tensor ϕ, we denote
ϕ(m) as the part of its Taylor’s series that is homogeneous of degree m in terms of the parabolic
dilations. So LPϕ(m) = mϕ(m). If ϕ is a differential form,
ϕ(m) =
1
m
(Pydϕ + d(Pyϕ))(m), (2.16)
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by Cartan’s formula (2.8). For example, za, dza is homogeneous of degree 1. z0 = t, dt and Θ is
homogeneous of degree 2. ∂∂za and
∂
∂t is homogeneous of degree −1 and −2, respectively. With
respect to a normal coordinate, we define the vector fields by
Zα =
∂
∂zα
− izα¯
∂
∂t
, α = 1, 2, · · · , n, Z0 =
∂
∂t
, (2.17)
and their dual
Θα = dzα, Θα¯ = dzα¯, Θ = dt− izαdzα¯ + izα¯dzα. (2.18)
Hence Zα and Z0 are homogeneous of degree −1 and degree −2, respectively. Namely Zj is
homogenous of degree −o(j).
Remark 2.4. In this paper, if indices α and α¯ both appear in low (or upper) indices, then the
index α will be taken summation, e.g.
Θ = dt− izαdzα¯ + izα¯dzα = dt− i
∑
α
zαdzα¯ + i
∑
α
zα¯dzα.
Theorem 2.1. On a contact Riemannian manifold (M,θ, h, J), suppose F is a smooth function
defined near q. Then with respect to the normal coordinates, for any m, we have
F(m)(x) =
∑
o(K)=m
1
(♯K)!
zKZKF (q). (2.19)
The notations of the multi-index are defined as in Notation 2.1.
This theorem can be proved exactly in the same way as Lemma 3.10 in [11] since the integra-
bility of J is not used here.
2.4. Homogeneous parts of the special frame (coframe) and the connection coeffi-
cients. As in the CR case in [11], there exists a simple relation between the Euler vector field
P and the special coframe.
Lemma 2.3. With respect to the normal coordinates (zα, zα¯, t), we have
θ(P ) = 2t, θa(P ) = za, ωab (P ) = 0, (2.20)
where P is the Euler vector field. Equivalently, P = zαWα + z
α¯Wα¯ + 2tT .
Proof. This lemma can be proved in the same way as Lemma 2.4 in [11] since the integrability
of J is not used. We mention it briefly. We need to show that (2.20) holds along each parabolic
geodesic γW,c. Fix a vector W + cT at q with W ∈ HqM and c ∈ R, we write W = w
aWa;q. In
these coordinates, the parabolic geodesic γ = γW,c is given explicitly by
(za, t) = γ(s) = (swa, s2c),
by Proposition 2.4. Note that by the definition (2.15), Pγ(s) = P(swa,s2c) =
∑
a sw
a ∂
∂za +2s
2c ∂∂t .
Then by explicit computation γ˙(s) =
∑
aw
a ∂
∂za + 2sc
∂
∂t = s
−1Pγ(s) for s 6= 0. Along γ, by
∇θ = 0, we have
d
ds
(
θ
(
γ˙(s)
))
= θ(∇γ˙ γ˙(s)) = θ(2cT ) = 2c,
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and so θ(γ˙(0)) = 0, θ(γ˙(s)) = 2cs. Then θ(P ) = θ(sγ˙(s)) = 2s2c = 2t. Similarly by using
∇γ˙θ
a = 0,
d
ds
θa(γ˙(s)) = θa(∇γ˙ γ˙(s)) = θ
a(2cT ) = 0.
Note that θa(γ˙(0)) = θa(W ) = wa. We get θa(γ˙(s)) = wa all along γ. So θa(P ) = θa(sγ˙(s)) =
swa = za.
For the last identity in (2.20), note that we have ωab (P )θ
b = 0 by ∇P θ
a = ∇sγ˙(s)θ
a = 0 by
θa being parallel along each parabolic geodesic. Since θb are independent, we get ωab (P ) = 0 for
any a, b. 
Then by Lemma 2.3, we have the following proposition:
Proposition 2.7. With respect to a special frame and under the normal coordinates defined as
above, we have
ωba(m) =
1
m
(R ba cdz
cθd + 2tR ba 0dθ
d +R ba c0z
cθ)(m),
θb(m) =
1
m
(zaωba + 2tA
b
aθ
a −Abaz
aθ + dzb)
(m)
,
θ(m) =
1
m
(2Jabz
aθb + 2dt)
(m)
.
(2.21)
Proof. We have
ωba(m) =
1
m
(Pydωba)(m) =
1
m
(
Py
(
R ba λµ¯θ
λ ∧ θµ¯ +
1
2
R ba λµθ
λ ∧ θµ +
1
2
R ba λ¯µ¯θ
λ¯ ∧ θµ¯
+R ba 0µ¯θ ∧ θ
µ¯ −R ba λ0θ ∧ θ
λ
))
(m)
=
1
m
(
R ba λµ¯(z
λθµ¯ − zµ¯θλ) +
1
2
R ba λµ(z
λθµ − zµθλ)
+
1
2
R ba λ¯µ¯(z
λ¯θµ¯ − zµ¯θλ¯) +R ba 0µ¯(2tθ
µ¯ − zµ¯θ)−R ba λ0(2tθ
λ − zλθ)
)
(m)
=
1
m
(R ba cdz
cθd + 2tR ba 0dθ
d +R ba c0z
cθ)(m).
by (2.7), (2.9), (2.16) and ωba(P )=0 in (2.20). Here we also use the relation R
b
a jk = −R
b
a kj for
the curvature tensor. Similarly we get
θb(m) =
1
m
(
Pydθb + d(θb(P ))
)
(m)
=
1
m
(
Py
(
θa ∧ ωba +A
b
aθ ∧ θ
a
)
+ dzb
)
(m)
=
1
m
(
zaωba + 2tA
b
aθ
a −Abaz
aθ + dzb
)
(m)
,
by (2.7), (2.9), (2.16) and (2.20).
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Noting that Jab is anti-symmetric, we get
θ(m) =
1
m
(Pydθ + d(θ(P )))(m) =
1
m
(
Py
(
Jαβθ
α ∧ θβ + 2Jαβ¯θ
α ∧ θβ¯ + Jα¯β¯θ
α¯ ∧ θβ¯
)
+ 2dt
)
(m)
=
1
m
(
Jαβ
(
zαθβ − zβθα
)
+ 2Jαβ¯
(
zαθβ¯ − zβ¯θα
)
+ Jα¯β¯
(
zα¯θβ¯ − zβ¯θα¯
)
+ 2dt
)
(m)
=
1
m
(
2Jαβz
αθβ + 2Jαβ¯z
αθβ¯ + 2Jα¯βz
α¯θβ + 2Jα¯β¯z
α¯θβ¯ + 2dt
)
(m)
=
1
m
(2Jabz
aθb + 2dt)
(m)
,
by (2.7), (2.9), (2.16) and (2.20). Proposition 2.7 is proved. 
Then we have the following corollary:
Corollary 2.3. With respect to a special frame, we have
ωba(1) = 0, ω
b
a(2) =
1
2
R ba cd(q)z
cdzd,
θb(1) = dz
b, θb(2) = 0,
θb(3) =
1
6
R ba cd(q)z
azcdzd, mod A ,
θ(2) = Θ, θ(3) =
2
3
Jab(1)z
adzb,
θ(4) =
1
12
Jab(q)R
b
e cd(q)z
azczedzd +
1
2
Jab(2)z
adzb, mod A ,
(2.22)
where A means terms linearly depending on Aba(q).
Proof. By the first identity in (2.21), it’s obvious that ωba(1) = 0. Then it follows from the second
identity in (2.21) and ωba(1) = 0 that θ
b
(1) = dz
b and θb(2) = 0.
By the third identity in (2.21) for m = 2 and (2.14), we get
θ(2) = dt+ Jαβ¯(q)z
αdzβ¯ + Jβ¯α(q)z
β¯dzα = dt− iδαβ¯z
αdzβ¯ + iδαβ¯z
β¯dzα = Θ.
By the third identity in (2.21) for m = 3 and θb(2) = 0, we get θ(3) =
2
3Jab(1)z
adzb. By (2.21) for
m = 2 and θd(1) = dz
d, we find that ωba(2) =
1
2R
b
a cd(q)z
cdzd. Hence
θb(3) =
1
3
zaωba(2) =
1
6
R ba cd(q)z
azcdzd, mod A ,
holds by (2.21). And so we also have
θ(4) =
1
4
(2Jab(q)z
aθb(3) + 2Jab(2)z
adzb)
=
1
12
Jab(q)R
b
e cd(q)z
azczedzd +
1
2
Jab(2)z
adzb, mod A ,
by (2.14) and (2.21). 
Remark 2.5. (1) In the CR case, Jerison and Lee [11] used the identity dθ(X,Y ) = h(JX, Y ).
But in contact Riemannian case, people usually use dθ(X,Y ) = h(X,JY ) = −h(JX, Y ) (cf. [3]
or [17]). So Jab is different from [11] by a factor −1. That’s why we choose Θ as (2.18), which
coincides with standard contact form in [11] up to signs.
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(2) We choose dVθ = (−1)
nθ∧ (dθ)n as the volume form on (M,θ, h, J). And we will see later
in Section 5 that the volume form dV = (−1)nΘ ∧ (dΘ)n on the Heisenberg group is positive
(cf. (5.5)).
(3) Recall that in the CR case θ(3) vanishes by the integrability of J (cf. Proposition 2.5 in
[11]). While in the general case, θ(3) may not vanish.
2.5. The asymptotic expansion of the special frame. We can also examine the Taylor
series of Wj in terms of Zj’s under the normal coordinate (z, t). We write
Wj = s
k
jZk = s
α
j Zα + s
α¯
j Zα¯ + s
0
jZ0, (2.23)
for some functions skj (following the idea of p. 327 in [3]). As mentioned above, Zj is homoge-
neous of degree −o(j), so we can examine the Taylor series of Wj by the Taylor series of their
coefficient functions skj . We denote ϕ ∈ Om if all the terms in the Taylor series of ϕ in normal
coordinates are homogeneous of degree ≥ m. It’s easy to see that if ϕ ∈ Om1 , ψ ∈ Om2 then
ϕψ ∈ Om+n.
Proposition 2.8. With respect to the normal coordinates, for the functions skj defined as (2.23),
we have:
sαβ(0) = s
α¯
β¯(0) = δ
α
β , s
α¯
β(0) = s
α
β¯(0) = 0, s
a
b(1) = 0,
sab(2) = −
1
6
R ad cb(q)z
czd, mod A ,
s0b(0) = s
0
b(1) = 0, s
0
b(2) =
2
3
Jba(1)z
a,
s0b(3) =
i
12
R α¯d cb(q)z
αzczd −
i
12
R αd cb(q)z
α¯zczd −
1
2
Jαb(2)z
α −
1
2
Jα¯b(2)z
α¯, mod A ,
sa0(0) = 0, s
0
0(0) = 1, s
0
0(1) = 0.
(2.24)
Proof. By θa(1) = dz
a and θ(2) = Θ in Corollary 2.3, θ
a(Wb) = δ
a
b and θ(Wb) = 0 lead to
Wβ(−1) = Zβ, Wβ¯(−1) = Zβ¯ . By θ
a(Wb) = δ
a
b and θ
a
(2) = 0, we have
0 =
((
dza + θa(2) + O3)(Zb + s
c
b(1)Zc + s
0
b(2)Z0 + O1
))
(1)
= dza
(
scb(1)Zc
)
+ θa(2)(Zb) = s
a
b(1).
Equivalently we can write Wb(0) = s
a
b(1)Za + s
0
b(2)Z0 = 0, mod Z0. And we have
0 = δab(2) =
((
dza + θa(2) + θ
a
(3) + O4
)(
Zb +Wb(0) +Wb(1) + O2
))
(2)
= θa(3)(Zb) + dz
a(Wb(1)) = θ
a
(3)(Zb) + s
a
b(2),
and so
sab(2) = −θ
a
(3)(Zb) = −
1
6
R ad cb(q)z
czd, mod A .
By θ(Wb) = 0, we have 0 = Θ(Wb(0)) + θ(3)(Wb(−1)) = s
0
b(2) + θ(3)(Zb), i.e. s
0
b(2) = −θ(3)(Zb) =
−23Jab(1)z
a = 23Jba(1)z
a. Also 0 = θ(4)(Wb(−1))+θ(3)(Wb(0))+Θ(Wb(1)) = θ(4)(Zb)+θ(3)(s
0
b(2)Z0)+
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Θ(sab(2)Za + s
0
b(3)Z0), which gives
s0b(3) = −θ(4)(Zb) = −
1
12
Jaf (q)R
f
e cb(q)z
azcze −
1
2
Jab(2)z
a, mod A
= −
1
12
Jαρ¯(q)R
ρ¯
d cb(q)z
αzczd −
1
12
Jα¯ρ(q)R
ρ
d cb(q)z
α¯zczd −
1
2
Jαb(2)z
α −
1
2
Jα¯b(2)z
α¯
=
i
12
R α¯d cb(q)z
αzczd −
i
12
R αd cb(q)z
α¯zczd −
1
2
Jαb(2)z
α −
1
2
Jα¯b(2)z
α¯, mod A ,
by (2.14) and (2.22).
By θ(T ) = 1, we get
1 = θ(2)(W0(−2)) = Θ
(
s00(0)
∂
∂t
)
= s00(0),
and W0(−2) =
∂
∂t . By the fact that θ(3) has no dt term (see (2.22)), we get
0 = θ(3)(W0(−2)) + θ(2)(W0(−1)) = Θ
(
sa0(0)Za + s
0
0(1)
∂
∂t
)
= s00(1).
By θa(T ) = 0 and θa(2) = 0 in (2.22), we get
0 = θa(2)(W0(−2)) + θ
a
(1)(W0(−1)) = dz
a
(
sb0(0)Zb
)
= sa0(0).
We finish the proof of (2.24). 
By Proposition 2.8, we have
Wa = Za + O0 = Za +
2
3
Jab(1)z
b ∂
∂t
+ O1 = Za +
2
3
Jab(1)z
b ∂
∂t
+ sba(2)Zb + s
0
a(3)Z0,
W0 =
∂
∂t
+O0,
(2.25)
where sba(2) and s
0
a(3) are given by (2.24). In our case, Wa has extra term
2
3Jab(1)z
b ∂
∂t , which
vanishes in the CR case (cf. p. 314 in [11]).
Corollary 2.4. With respect to a special frame centered at q, the connection coefficients vanish
at q, i.e.,
Γljk(q) = 0, Γ
l
jk ∈ O1. (2.26)
Proof. By ωba(1) = 0 in (2.22) we get Γ
b
ca(q) = ω
b
a(1)(Wc(−1)) = 0. Again by (2.22), ω
b
a(1) = 0 and
ωba(2) having no dt term, we see that Γ
b
0a(q) = ω
b
a(2)(W0(−2)) + ω
b
a(1)(W0(−1)) = 0. We also have
Γlj0 = 0 by ∇T = 0 and Γ
0
ab = 0 by θ(∇XY ) = 0 for any X,Y ∈ HM . So (2.26) follows. 
3. The asymptotic expansion of the almost complex structure, the curvature
and Tanno tensors
In this section, we will discuss the curvature tensor, the Tanno tensor and the almost complex
structure with respect to the special frame centered at q.
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3.1. The Tanno tensor at point q. For the Tanno tensor, we writeQ(Wj,Wk) = (∇WkJ)Wj =
QljkWl. The components of the Tanno tensor Q
l
jk can be written as:
Qljk =WkJ
l
j − Γ
s
kjJ
l
s + Γ
l
ksJ
s
j. (3.1)
So at the point q, we have
Qljk(q) =WkJ
l
j(q), (3.2)
by (2.26). And noting that Qγ¯αβ = Q
γ
α¯β¯
by definition, we set
Q := Qγ¯αβ(q)Q
γ
α¯β¯
(q) =
∑
α,β,γ
|Qγ¯αβ(q)|
2. (3.3)
Proposition 3.1. With respect to a special frame centered at q, Jγα(1) = 0, Jαβ¯(1) = 0.
Proof. Since J2Wα = −Wα means J
b
αJ
γ
b = −δ
γ
α, we get
0 = Jβα(0)J
γ
β(1) + J
β
α(1)J
γ
β(0) + J
β¯
α(0)J
γ
β¯(1)
+ J β¯α(1)J
γ
β¯(0)
= 2iJγα(1),
by (2.14). Hence Jγα(1) = 0. And so Jαβ¯(1) = hαγ¯J
γ¯
β¯(1)
= 0. 
Proposition 3.2. With respect to a special frame centered at q, components of the Tanno tensor
Q at q satisfy the following relations:
Q0ab = Q
k
0j = Q
k
i0 = 0,
Qγαβ(q) = Q
γ
αβ¯
(q) = Qγ
β¯α
(q) = 0,
Qρ¯βα(q)Q
ρ
α¯β¯
(q) =
1
2
Q.
(3.4)
In particular, Q(q) 6= 0 if and only if Q > 0.
Proof. Q0ab = 0 follows from that for any X,Y ∈ HM , we have
θ(Q(X,Y )) = θ((∇Y J)X) = h(T, (∇Y J)X) = h(T,∇Y (JX))− h(T, J∇YX)
= θ(∇Y (JX))− θ(J∇YX) = 0,
by (1.1) and JX, ∇Y (JX), J∇YX all being horizontal.
Qk0j = 0 follows from Q(T, Y ) = (∇Y J)T = ∇Y (JT ) − J∇Y T = 0 by JT = 0 and ∇T = 0.
By (3.2) and Proposition 3.1, Qγαβ(q) =WβJ
γ
α(q) =Wβ(−1)J
γ
α(1)+Wβ(0)(J
γ
α(0)) = 0. Similarly,
Qγ
αβ¯
(q) = 0.
To prove Qki0 = 0 and Q
γ
β¯α
(q) = 0, recall that
2h(Q(X,Y ), Z) = h
(
N (1)(X,Z)− θ(X)N (1)(T,Z)− θ(Z)N (1)(X,T ), JY
)
, (3.5)
for any X,Y,Z ∈ TM (cf. (15) in [3]), where
N (1) = [J, J ] + 2(dθ)⊗ T, [J, J ](X,Y ) = J2[X,Y ] + [JX, JY ]− J [JX, Y ]− J [X,JY ].
Qki0 = 0 is equivalent to Q(X,T ) = 0, for any X ∈ TM . Apply Y = T to (3.5) to get
h(Q(X,T ), Z) = 0 for any X,Z ∈ TM by JT = 0.
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Substituting X =Wβ¯, Y =Wa, Z =Wρ¯ into (3.5), and noting that h(JX, JY ) = h(X,Y ) for
any X,Y ∈ HM , we get
2hγρ¯Q
γ
β¯a
= h(N (1)(Wβ¯,Wρ¯), JWa) = h([J, J ](Wβ¯ ,Wρ¯), JWa)
= h(J2[Wβ¯,Wρ¯] + [JWβ¯, JWρ¯]− J [JWβ¯ ,Wρ¯]− J [Wβ¯, JWρ¯], JWa)
= −h([Wβ¯ ,Wρ¯], JWa) + h([JWβ¯ , JWρ¯], JWa)− h([JWβ¯ ,Wρ¯],Wa)− h([Wβ¯ , JWρ¯],Wa).
(3.6)
by using (1.1). Note that [X,Y ] = ∇XY − ∇YX − τ(X,Y ) and τ(X,Y ) = 0 mod T , for any
X,Y ∈ HM . We find that
[Wβ¯,Wρ¯] = ∇Wβ¯Wρ¯ −∇Wρ¯Wβ¯ = Γ
c
β¯ρ¯Wc − Γ
c
ρ¯β¯Wc, mod T,
[JWβ¯, JWρ¯] = ∇Jcβ¯Wc(J
d
ρ¯Wd)−∇Jdρ¯Wd(J
c
β¯Wc)
= Jcβ¯(WcJ
d
ρ¯)Wd + J
c
β¯J
e
ρ¯Γ
d
ceWd − J
c
ρ¯(WcJ
d
β¯)Wd − J
e
ρ¯J
c
β¯Γ
d
ecWd, mod T,
[JWβ¯,Wρ¯] = −Wρ¯J
d
β¯Wd + J
c
β¯Γ
d
cρ¯Wd − J
c
β¯Γ
d
ρ¯cWd mod T,
[Wβ¯, JWρ¯] =Wβ¯J
d
ρ¯Wd + J
c
ρ¯Γ
d
β¯cWd − J
c
ρ¯Γ
d
cβ¯Wd mod T.
Then (3.6) becomes
2Qρ
β¯a
=
(
− Γdβ¯ρ¯ + Γ
d
ρ¯β¯
)
Jfahdf +
(
Jcβ¯(WcJ
d
ρ¯) + J
c
β¯J
e
ρ¯Γ
d
ce − J
c
ρ¯(WcJ
d
β¯)− J
e
ρ¯J
c
β¯Γ
d
ec
)
Jfahdf
+
(
Wρ¯J
d
β¯ − J
c
β¯Γ
d
cρ¯ + J
c
β¯Γ
d
ρ¯c
)
had +
(
−Wβ¯J
d
ρ¯ − J
c
ρ¯Γ
d
β¯c + J
c
ρ¯Γ
d
cβ¯
)
had, (3.7)
by writing JWa = J
f
aWf and hγρ¯ = δγρ¯. (3.7) will be used later.
At the point q, (3.7) for a = α becomes
2Qρ
β¯α
(q) =
(
Jcβ¯(q)(WcJ
d
ρ¯)(q)− J
c
ρ¯(q)(WcJ
d
β¯)(q)
)
Jfα(q)hdf +Wρ¯J
d
β¯(q)hαd −Wβ¯J
d
ρ¯(q)hαd
=Wβ¯J
µ¯
ρ¯(q)hαµ¯ −Wρ¯J
µ¯
β¯
(q)hαµ¯ +Wρ¯J
µ¯
β¯
(q)hαµ¯ −Wβ¯J
µ¯
ρ¯(q)hαµ¯ = 0.
by vanishing of connection coefficients (2.26). So Qγ
β¯α
(q) = 0.
It remains to prove the last identity in (3.4). Similarly at the point q, for a = α¯, (3.7) becomes
2Qρ
β¯α¯
(q) = 2hγρ¯Q
γ
β¯α¯
(q) = Jcβ¯(q)(WcJ
d
ρ¯)(q)J
f
α¯(q)hdf − J
c
ρ¯(q)(WcJ
d
β¯)(q)J
f
α¯(q)hdf
+Wρ¯J
d
β¯(q)hα¯d −Wβ¯J
d
ρ¯(q)hα¯d
= −Wβ¯J
µ
ρ¯(q)hα¯µ +Wρ¯J
µ
β¯
(q)hα¯µ +Wρ¯J
µ
β¯
(q)hα¯µ −Wβ¯J
µ
ρ¯(q)hα¯µ
= −2Qµ
ρ¯β¯
(q)hµα¯ + 2Q
µ
β¯ρ¯
(q)hµα¯ = 2Q
α
β¯ρ¯(q)− 2Q
α
ρ¯β¯(q)
by (3.2). Taking conjugate on the both sides of last equation, we get Qρ¯βα(q) = Q
α¯
βρ(q)−Q
α¯
ρβ(q).
Then we have∑
α,β,ρ
|Qρ¯βα(q)|
2 =
∑
α,β,ρ
Qρ¯βα(q)Q
ρ
β¯α¯
(q) =
∑
α,β,ρ
(
Qα¯βρ(q)−Q
α¯
ρβ(q)
)(
Qαβ¯ρ¯(q)−Q
α
ρ¯β¯(q)
)
=
∑
α,β,ρ
2|Qα¯βρ(q)|
2 − 2
∑
α,β,ρ
Qα¯βρ(q)Q
α
ρ¯β¯(q).
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By changing indices, we get 2Qγ¯αβ(q)Q
γ
β¯α¯
(q) =
∑
α,β,γ
|Qγ¯αβ(q)|
2 = Q. 
Remark 3.1. On a contact Riemannian manifold, if we choose a local T (1,0)M -frame, only Qγ¯αβ
is non-vanishing for the Tanno tensor Q (cf. (16)-(18) in [3]). Here we have the similar property
at point q.
3.2. The asymptotic expansion of the almost complex structure at point q.
Proposition 3.3. With respect to a special frame centered at q, we have
Jαβ(1) = J
α¯
β(1) = Q
α¯
βγ(q)z
γ , (3.8)
Jαβ¯(2) =
i
2
Qγ¯αλ(q)Q
γ
β¯µ¯
(q)zλzµ¯. (3.9)
Proof. By Qα¯βγ¯(q) = 0 in (3.4) and the expansion (2.19), we get
Jαβ(1) = hαρ¯J
ρ¯
β(1) = J
α¯
β(1) = z
cZcJ
α¯
β(q) = z
cQα¯βc(q) = Q
α¯
βγ(q)z
γ .
It follows from JbαJ
γ
b = −δ
γ
α that
0 = Jβα(0)J
γ
β(2) + J
β
α(1)J
γ
β(1) + J
β
α(2)J
γ
β(0) + J
β¯
α(0)J
γ
β¯(2)
+ J β¯α(1)J
γ
β¯(1)
+ J β¯α(2)J
γ
β¯(0)
.
By (2.14) and Proposition 3.1, we get 2iJγα(2) + J
β¯
α(1)J
γ
β¯(1)
= 0, i.e. Jγα(2) =
i
2J
β¯
α(1)J
γ
β¯(1)
. So
Jαβ¯(2) = hαγ¯J
γ¯
β¯(2)
= −
i
2
δαγ¯J
ρ
β¯(1)
J γ¯ρ(1) = −
i
2
Jρ
β¯(1)
J α¯ρ(1) =
i
2
Jρ
β¯(1)
J ρ¯α(1) =
i
2
Qρ¯αλ(q)Q
ρ
β¯µ¯
(q)zλzµ¯,
by (3.8) and J α¯ρ(1) = −J
ρ¯
α(1) in (2.14). We complete the proof of this proposition. 
Proposition 3.1 and Proposition 3.3 leads to the following corollary:
Corollary 3.1. s0b(2) in (2.24) in Proposition 2.8 can be rewritten as
s0β(2) =
2
3
Qβ¯αγ(p)z
αzγ , s0β¯(2) =
2
3
Qβα¯γ¯(p)z
α¯zγ¯ .
The following relation shows that Jγ
β¯(2)
is independent of t.
Proposition 3.4.
J γ¯
β(2)
=
1
2
zczdZcZdJ
γ¯
β(q), Jαβ(2) =
1
2
zczdZcZdJαβ(q). (3.10)
Proof. By expansion (2.19),
J γ¯β(2) =
1
2
zczdZcZdJ
γ¯
β(q) + t
∂J γ¯β
∂t
(q).
To get this proposition, we need to prove that ∂∂tJ
γ¯
β(q) = 0.
By (3.2) and (3.4), 0 = Qγ¯β0(q) =W0J
γ¯
β(q). Noting that W0(−2) =
∂
∂t , W0(−1) = 0 (cf. (2.25))
and J γ¯β(0) = 0 (cf. (2.14)), we get
0 =W0J
γ¯
β(q) =W0(−2)
(
J γ¯β(2)
)
+W0(−1)
(
J γ¯β(1)
)
+W0(0)
(
J γ¯β(0)
)
=
∂
∂t
J γ¯β(q).
By hab being constant, we get
∂
∂tJαβ(q) = hαγ¯
∂J γ¯β
∂t (q) = 0. So we prove Proposition 3.4. 
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3.3. The asymptotic expansion of curvature tensors.
Proposition 3.5. With respect to a special frame centered at q, we have
R αβ¯ λµ(q) =
1
4
(
Qσ¯µλ(q)−Q
σ¯
λµ(q)
)(
Qσα¯β¯(q)−Q
σ
β¯α¯(q)
)
. (3.11)
In particular,
R αβ¯ αβ(q) = −
1
4
Q. (3.12)
Proof. At the point q, it follows from (2.10) and (2.26) that
R αβ¯ λµ(q) =WλΓ
α
µβ¯(q)−WµΓ
α
λβ¯(q) = Zλ
(
Γαµβ¯(1)
)
− Zµ
(
Γαλβ¯(1)
)
. (3.13)
Let us calculate Zc(Γ
a
db(1)). By (3.1), we have: Q
γ
β¯α
= WαJ
γ
β¯
− Γd
αβ¯
Jγd + Γ
γ
αdJ
d
β¯
. So Qγ
β¯α(1)
=
(WαJ
γ
β¯
)
(1)
− Γd
αβ¯(1)
Jγd(q) + Γ
γ
αd(1)J
d
β¯
(q) = (WαJ
γ
β¯
)
(1)
− 2iΓγ
αβ¯(1)
, i.e.,
Γγ
αβ¯(1)
=
i
2
Qγ
β¯α(1)
−
i
2
(WαJ
γ
β¯
)
(1)
. (3.14)
First we deal with the term Qγ
β¯α(1)
in (3.14). Take index a to be α in (3.7) and consider the
homogeneous part of degree 1. For the right hand side, noting Jβα(q) = iδ
β
α, J
β¯
α(q) = 0 by
Proposition 2.6, Jβα(1) = 0 by Proposition 3.1 and Q
γ
αβ¯
(q) = 0 by (3.4) in Proposition 3.2, we
have ((
− Γdβ¯ρ¯ + Γ
d
ρ¯β¯
)
Jfαhdf
)
(1)
= (−Γµ¯
β¯ρ¯(1)
+ Γµ¯
ρ¯β¯(1)
)Jγα(q)hγµ¯ = −iΓ
α¯
β¯ρ¯(1) + iΓ
α¯
ρ¯β¯(1), (3.15)
and {(
Jcβ¯(WcJ
d
ρ¯) + J
c
β¯J
e
ρ¯Γ
d
ce − J
c
ρ¯(WcJ
d
β¯)− J
e
ρ¯J
c
β¯Γ
d
ec
)
Jfαhdf
}
(1)
=
(
Jcβ¯(WcJ
µ¯
ρ¯) + J
c
β¯J
e
ρ¯Γ
µ¯
ce − J
c
ρ¯(WcJ
µ¯
β¯
)− Jeρ¯J
c
β¯Γ
µ¯
ec
)
(1)
Jγα(q)hγµ¯
+
(
Jcβ¯(WcJ
µ
ρ¯) + J
c
β¯J
e
ρ¯Γ
µ
ce − J
c
ρ¯(WcJ
µ
β¯
)− Jeρ¯J
c
β¯Γ
µ
ec
)
(0)
J γ¯α(1)hµγ¯
= iδαµ¯
(
Jλβ¯(1)WλJ
µ¯
ρ¯(q) + J
λ¯
β¯(q)(Wλ¯J
µ¯
ρ¯)(1) + J
λ¯
β¯(q)J
σ¯
ρ¯(q)Γ
µ¯
λ¯σ¯(1)
− Jσρ¯(1)WσJ
µ¯
β¯
(q)− J σ¯ρ¯(q)(Wσ¯J
µ¯
β¯
)(1) − J
σ¯
ρ¯(q)J
λ¯
β¯(q)Γ
µ¯
σ¯λ¯(1)
)
+
(
J λ¯β¯(q)Wλ¯J
µ
ρ¯(q)− J
σ¯
ρ¯(q)Wσ¯J
µ
β¯
(q)
)
J γ¯α(1)hµγ¯
= iJλβ¯(1)Q
α¯
ρ¯λ(q) + (Wβ¯J
α¯
ρ¯)(1) − iΓ
α¯
β¯ρ¯(1) − iJ
σ
ρ¯(1)Q
α¯
β¯σ(q)− (Wρ¯J
α¯
β¯)(1) + iΓ
α¯
ρ¯β¯(1)
− iQγ
ρ¯β¯
(q)J γ¯α(1) + iQ
γ
β¯ρ¯
(q)J γ¯α(1)
= (Wβ¯J
α¯
ρ¯)(1) − (Wρ¯J
α¯
β¯)(1) − iΓ
α¯
β¯ρ¯(1) + iΓ
α¯
ρ¯β¯(1) − iQ
γ
ρ¯β¯
(q)J γ¯α(1) + iQ
γ
β¯ρ¯
(q)J γ¯α(1),
(3.16)
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and((
Wρ¯J
µ¯
β¯
− Jcβ¯Γ
µ¯
cρ¯ + J
c
β¯Γ
µ¯
ρ¯c
)
hαµ¯
)
(1)
= (Wρ¯J
µ¯
β¯
)(1)δαµ¯ − J
γ¯
β¯
(q)Γµ¯γ¯ρ¯(1)δαµ¯ + J
γ¯
β¯
(q)Γµ¯ρ¯γ¯(1)δαµ¯
= (Wρ¯J
α¯
β¯)(1) + iΓ
α¯
β¯ρ¯(1) − iΓ
α¯
ρ¯β¯(1),
(3.17)
and ((
−Wβ¯J
µ¯
ρ¯ − J
c
ρ¯Γ
µ¯
β¯c
+ Jcρ¯Γ
µ¯
cβ¯
)
hαµ¯
)
(1)
= −(Wβ¯J
α¯
ρ¯)(1) + iΓ
α¯
β¯ρ¯(1) − iΓ
α¯
ρ¯β¯(1). (3.18)
Substitute the summation of (3.15)-(3.18) into (3.7) to get 2Qρ
β¯α(1)
= iQγ
β¯ρ¯
(q)J γ¯α(1)−iQ
γ
ρ¯β¯
(q)J γ¯α(1),
namely
Qρ
β¯α(1)
=
i
2
Qγ
β¯ρ¯
(q)J γ¯α(1) −
i
2
Qγ
ρ¯β¯
(q)J γ¯α(1). (3.19)
Now we deal with (WαJ
γ
β¯
)
(1)
in (3.14). By expansion (2.19), Jγ
β¯(1)
= zcZcJ
γ
β¯
(q) is independent
with t. And note that Wα(0) = s
0
α(2)
∂
∂t by (2.25). So Wα(0)(J
γ
β¯(1)
) = 0. By Jγ
β¯
(q) = 0 (see
(2.14)) and Jγ
β¯(2)
being independent with t in Proposition 3.4, we get
(WαJ
γ
β¯
)
(1)
=
((
Zα +Wα(0) +Wα(1) + O2
)(
Jγ
β¯(1)
+ Jγ
β¯(2)
+ O3
))
(1)
=Wα(0)
(
Jγ
β¯(1)
)
+ Zα
(
Jγ
β¯(2)
)
= Zα
(
Jγ
β¯(2)
)
=
1
2
(
zcZαZcJ
γ
β¯
(q) + zcZcZαJ
γ
β¯
(q)
)
. (3.20)
So by (3.14), (3.19) and (3.20), we get
Zλ
(
Γαµβ¯(1)
)
=
i
2
Zλ
(
Qαβ¯µ(1) − (WµJ
α
β¯)(1)
)
= −
1
4
Zλ
(
Qσβ¯α¯(q)J
σ¯
µ(1) −Q
σ
α¯β¯(q)J
σ¯
µ(1)
)
−
i
4
Zλ
(
zcZµZcJ
α
β¯(q) + z
cZcZµJ
α
β¯(q)
)
=
1
4
(
Qσα¯β¯(q)Q
σ¯
µλ(q)−Q
σ
β¯α¯(q)Q
σ¯
µλ(q)
)
−
i
4
ZµZλJ
α
β¯(q)−
i
4
ZλZµJ
α
β¯(q). (3.21)
Note that for the last identity, we use the relation Qσ¯µλ(q) =WλJ
σ¯
µ(q) = Zλ(J
σ¯
µ(1)) = Zλ(J
σ¯
µ(1))
by (3.2), and J σ¯µ(q) = 0. Similarly, we get
Zµ
(
Γαλβ¯(1)
)
=
1
4
(
Qσα¯β¯(q)Q
σ¯
λµ(q)−Q
σ
β¯α¯(q)Q
σ¯
λµ(q)
)
−
i
4
ZλZµJ
α
β¯(q)−
i
4
ZµZλJ
α
β¯(q). (3.22)
Substituting (3.21) and (3.22) into (3.13) we get (3.11). In particular,
R αβ¯ αβ(q) =
1
4
(
Qσ¯βα(q)Q
σ
α¯β¯(q)−Q
σ¯
βα(q)Q
σ
β¯α¯(q)−Q
σ¯
αβ(q)Q
σ
α¯β¯(q) +Q
σ¯
αβ(q)Q
σ
β¯α¯(q)
)
=
1
2
(Qσ¯βα(q)Q
σ
α¯β¯(q)− |Q
σ¯
αβ(q)|
2) = −
1
4
|Qσ¯αβ(q)|
2 = −
1
4
Q,
by (3.4). 
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Proposition 3.6. (An identity of Bianchi type) With respect to a special frame associated with
θ, the components of the curvature tensor R have the following relation:
−R αβ λµ¯ +R
α
λ βµ¯ +R
α
µ¯ λβ = 0, mod A ∪ Γ. (3.23)
Γ means terms depending on Γljk linearly or quadratically.
Proof. Differentiate the second identity in the structure equations (2.9) to get
0 = dθβ ∧ ωαβ − θ
β ∧ dωαβ + dθ
β¯ ∧ ωαβ¯ − θ
β¯ ∧ dωαβ¯ + dθ ∧ τ
α, mod θ. (3.24)
By the definition ωab = Γ
b
jaθ
j and τα, we have
dθb ∧ ωab = 0, mod Γ, and dθ ∧ τ
α = 0, mod A ,
and by the third identity in (2.9)
dωab = R
b
a λµ¯θ
λ ∧ θµ¯ +
1
2
R ba λµθ
λ ∧ θµ +
1
2
R ba λ¯µ¯θ
λ¯ ∧ θµ¯, mod θ ∪ Γ.
Consequently, by substituting the above identities into (3.24), we find that
0 =−R αβ λµ¯θ
β ∧ θλ ∧ θµ¯ −
1
2
R αβ¯ λµθ
β¯ ∧ θλ ∧ θµ, mod A ∪ Γ.
Equivalently,
0 = −R αβ λµ¯ +R
α
λ βµ¯ −
1
2
R αµ¯ βλ +
1
2
R αµ¯ λβ = −R
α
β λµ¯ +R
α
λ βµ¯ +R
α
µ¯ λβ , mod A ∪ Γ.

4. The normalized special frame
As in the CR case (cf. Section 3 in [11]), to simplify the calculation of the asymptotic
expansion of the Yamabe functional, we choose a conformal contact form such that certain
components of the Webster torsion and curvature tensors vanish at the point q.
Consider the conformal transformation
θ̂ = e2uθ. (4.1)
The main theorem of this section is the following.
Theorem 4.1. For a contact Riemannian manifold (M,θ, h, J), there exists (M, θ̂, ĥ, Ĵ) with
θ̂ = e2uθ, such that
R̂ γ
α γβ¯
(q) = 0, Âαβ(q) = 0,
where R̂ γ
α γβ¯
(q) and Âαβ(q) are the components of the curvature tensor and the Webster torsion
tensor with respect to the special frame {Ŵa, T̂} of (M, θ̂, ĥ, Ĵ) centered at q.
In this section, we will work over the frame {Wa, T̂ } under the conformal transformation.
And we abuse the notation to denote the components of the Webster torsion tensor and the
curvature tensor with respect to {Wa, T̂} also by Âαβ(q) and R̂
γ
α γβ¯
(q). We will explain why we
can do this later in Lemma 4.3.
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4.1. The transformation formulae under the conformal transformation. First we do
not change the special frame {Wa} in the horizontal space. As mentioned in (1.2), under the
conformal transformation, we have (θ, J, T, h)→ (θ̂, Ĵ , T̂ , ĥ) with
T̂ = e−2u(T + Jbau
aWb),
ĥab = e
2uhab,
Ĵba = J
b
a,
(4.2)
where ua =Wau and u
a = habub. And we also get Ĵab = e
2uJab by (4.2).
Let {θb, θ} denote the special coframe. Noting that we do not change {Wa}, we require
θ̂b(Wa) = δ
b
a and θ̂(T̂ ) = 0. So θ
b change as:
θ̂a = θa − Jabu
bθ. (4.3)
Lemma 4.1. If u ∈ Om, for a fixed special frame of the contact Riemannian manifold (M,θ, h, J),
under the conformal transformation (4.1), we have
Âαβ = Aαβ − iZαZβu+ Om−1, (4.4)
R̂ γ
α γβ¯
= R γ
α γβ¯
−
n+ 2
2
(ZαZβ¯u+ Zβ¯Zαu) +
1
2
hαβ¯L0u+ Om−1, (4.5)
where we set L0 = −(ZαZα¯ + Zα¯Zα).
This lemma will be proved in the Appendix A. On a contact Riemannian manifold, we have
transformation formulae (4.4) and (4.5) under the conformal transformation similar to the CR
case (cf. Lemma 3.6 in [11]), but with error terms Om−1 instead of Om. We will see that it’s
sufficient for our purpose.
Lemma 4.2. Under the conformal transformation (4.1), for u ∈ Om, m ≥ 2. The connection
1-form of the TWT connection changes as
ω̂ba = ω
b
a + Om.
Proof. First note that by (A.6) we have
Γ̂bca = Γ
b
ca + Om−1, Γ̂
b
0̂a
= Γb0a + Om−2. (4.6)
By (4.1), (4.3) and e2u = 1 + Om, we get
θ̂ = (1 + Om)θ = θ + Om+2, θ̂
a = θa + Om+1.
So
ω̂ba = Γ̂
b
caθ̂
c + Γ̂b
0̂a
θ̂ = ωba + Om.

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4.2. The conformal contact form with vanishing R γ
α γβ¯
(q) and Aαβ(q). As in the CR
case (cf. p. 320 in [11]), we define the tensor Sabθ
a ⊗ θb, whose components are:
Sαβ = Sαβ = −(n+ 2)iAαβ(q), Sαβ¯ = Sα¯β = R
γ
α γβ¯
(q).
Proposition 4.1. Sab is a symmetric tensor.
Proof. Sαβ and Sα¯β¯ is symmetric following directly from the self-adjointness of Aab (see Lemma
2.1). So we need to prove Sαβ¯ = Sβ¯α.
Recall that
h(R(X,Y )Z,W ) = h(R(W,Z)Y,X) + h
(
(LW∧LZ)Y,X
)
− h
(
(LX∧LY )Z,W
)
, (4.7)
(cf. (38) in [3]), for any vector field X, Y , Z, W , where (X∧Y )Z = h(X,Z)Y − h(Y,Z)X and
L = J − τ∗. Now apply (4.7) to X =Wγ , Y =Wβ¯, Z =Wα, W =Wµ¯ to get
h(R(Wγ ,Wβ¯)Wα,Wµ¯) =h(R(Wµ¯,Wα)Wβ¯,Wγ) + h
(
(LWµ¯∧LWα)Wβ¯,Wγ
)
− h
(
(LWγ∧LWβ¯)Wα,Wµ¯
)
. (4.8)
On the other hand, by the definition of L, h(LWa,Wb) = h
(
(J − τ∗)Wa,Wb
)
= h(JcaWc −
AcaWc,Wb) = Jba −Aab. Then we get
h((LWµ¯∧LWα)Wβ¯ ,Wγ)|q = h(h(LWµ¯,Wβ¯)LWα,Wγ)|q − h(h(LWα,Wβ¯)LWµ¯,Wγ)|q
= (Jβ¯µ¯ −Aµ¯β¯)(Jγα −Aαγ)|q − (Jβ¯α −Aαβ¯)(Jγµ¯ −Aµ¯γ)|q
= Aµ¯β¯(q)Aαγ(q)− Jβ¯α(q)Jγµ¯(q), (4.9)
and
h
(
(LWγ∧LWβ¯)Wα,Wµ¯
)
|q = h(h(LWγ ,Wα)LWβ¯,Wµ¯)|q − h(h(LWβ¯ ,Wα)LWγ ,Wµ¯)|q
= (Jαγ −Aγα)|q(Jµ¯β¯ −Aβ¯µ¯)|q − (Jαβ¯ −Aβ¯α)|q(Jµ¯γ −Aγµ¯)|q
= Aγα(q)Aβ¯µ¯(q)− Jαβ¯(q)Jµ¯γ(q) = Aµ¯β¯(q)Aαγ(q)− Jβ¯α(q)Jγµ¯(q), (4.10)
at the point q by using Proposition 2.6 and Corollary 2.2. Substitute (4.9) and (4.10) to (4.8)
to get Rαµ¯γβ¯(q) = Rβ¯γµ¯α(q) at q. Hence Sαβ¯ = R
γ
α γβ¯
(q) = hγµ¯Rαµ¯γβ¯(q) = Rαγ¯γβ¯(q) = Rβ¯γγ¯α =
hγµ¯R
µ¯
β¯ γ¯α
(q) = R γ¯
β¯ γ¯α
(q) = Sβ¯α. So tensor {Sab} is symmetric. 
Proof of Theorem 4.1. If u = u(z) is a polynomial homogeneous of degree m but independent
of t, we denote u ∈ Rm. We assume u∈R2 in the conformal transformation (4.1).
For the symmetric tensor Sab as above, we define the polynomial
S = Sabz
azb.
By Lemma 4.1, for u ∈ R2, we have
Ŝαβ = Sαβ − (n+ 2)ZαZβu,
Ŝαβ¯ = Sαβ¯ −
n+ 2
2
(Zβ¯Zαu+ ZαZβ¯u) +
1
2
hαβ¯L0u.
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Now let Ŝ = Ŝabz
azb, we get
Ŝ = Ŝabz
azb =
(
Sαβ − (n+ 2)ZαZβu
)
zαzβ +
(
Sαβ¯ −
n+ 2
2
(Zβ¯Zαu+ ZαZβ¯u) +
1
2
δαβ¯L0u
)
zαzβ¯
+
(
Sα¯β −
n+ 2
2
(ZβZα¯u+ Zα¯Zβu) +
1
2
δβα¯L0u
)
zα¯zβ +
(
Sα¯β¯ − (n+ 2)Zα¯Zβ¯u
)
zα¯zβ¯
= S − (n+ 2)zazbZaZbu+ |z|
2
L0u. (4.11)
Note that
m2u = P 2u = (zaZa + 2z
0Z0)
2u = zazbZaZbu+ 4z
0zaZ0Zau+ 4z
0z0Z0Z0u+ 2z
0Z0u+ Pu,
(cf. p. 320 in [11]). Thus for u ∈ R2, we have
zazbZaZbu = 2u.
Therefore by (4.11), Ŝ = S−2(n+2)u+|z|2L0u. The operator −2(n+2)+|z|
2L0 is invertible on
R2 by |z|
2
L0 having no positive eigenvalues (cf. Lemma 3.9 in [11]). So we can find u = u0 ∈ R2
such that Ŝ(2) = 0. Namely u0 satisfies −2(n+ 2)u0 + |z|
2L0u0 = −S(2) = −z
azbSab(q). Under
the conformal transformation θ̂ = e2u0θ for such u0, we have
R̂ γ
α γβ¯
(q) = 0, Âαβ(q) = 0,
with respect to a special frame {Wa, T̂} of (M,θ, h, J) centered at q. Finally, we have the
following lemma.
Lemma 4.3. Under the conformal transformation (4.1) with u ∈ R2, changing the special frame
{Wa} of (M,θ, h, J) centered at q to a special frame {Ŵa} of (M, θ̂, ĥ, Ĵ) centered at q makes the
value of the curvature tensor and the Webster torsion tensor at q invariant. So we can abuse the
notation to write R̂ γ
α γβ¯
(q) and Âαβ(q) no matter they are with respect to {Wa, T̂} or {Ŵa, T̂}.
Proof. Since {Wa} and {Ŵa} are both horizontal, we write Ŵa = v
b
aWb for some invertible
matrix {vba}. The value of {Wa} and {Ŵa} at the point q are decided by relation
ĥ(Ŵα, Ŵβ¯) = δαβ¯ = h(Wα,Wβ¯), ĥ(Ŵα, Ŵβ) = 0 = h(Wα,Wβ),
at q. By (4.2), if u ∈ R2, we have hab = h(Wa,Wb) = ĥ(Ŵa, Ŵb) = (1 + O2)v
c
av
d
bh(Wc,Wd) =
vcav
d
b (1 + O2)hcd. So the special frame satisfies Ŵa = v
b
aWb with v
b
a = δ
b
a + O1.
By the classical theory of the differential geometry, Rabcd and Aab are covariant tensors. So
with changing Wa→Ŵa = v
b
aWb, these components change as Rabcd→v
a1
a v
b1
b v
c1
c v
d1
d Ra1b1c1d1 and
Aab→Aa1b1v
a1
a v
b1
b (it’s shown in Appendix A.2). So their value at q does not change since v is
the identity transformation at q. 
So we also have
R̂ γ
α γβ¯
(q) = 0, Âαβ(q) = 0,
with respect to a special frame of (M, θ̂, ĥ, Ĵ) centered at q.
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5. The proof of the main theorem
5.1. The asymptotic expansion of the Yamabe functional.
Lemma 5.1. (cf. Theorem 11.3 in [17].) For a contact Riemannian manifold (M,θ, h, J), the
Yamabe functional Yθ,h(u) in (1.4) is invariant under the conformal transformation.
For a contact Riemannian manifold (M,θ, h, J), suppose that the almost structure J is not
integrable. There exists a point q such that the Tanno tensor Q(q) 6= 0. By Proposition 3.2, we
must have Q > 0. By Lemma 5.1, we can choose (M, θ̂, ĥ, Ĵ) conformal to (M,θ, h, J) such that
the components of curvature and Webster torsion tensors satisfy Theorem 4.1. And Q > 0 also
holds with respect to (M, θ̂, ĥ, Ĵ). We denote this (M, θ̂, ĥ, Ĵ) as (M,θ, h, J) in this section.
Proposition 5.1. We can choose (M,θ, h, J) in its conformal class such that with respect to a
special frame {Wa, T} of (M,θ, h, J) centered at q,
Aab(q) = 0, R
γ
α γβ¯
(q) = 0, R αβ¯ αβ(q) = −
1
4
Q, R αα ββ¯(q) =
1
4
Q.
Proof. We only need to show the last identity since the others are given by Corollary 2.2,
Theorem 4.1 and (3.12) in Proposition 3.5. Since we already have Aab(q) = 0, R
α
β αβ¯
(q) = 0 and
Γljk(q) = 0 (by (2.26)), the Bianchi-type identity (3.23) at q gives us
0 = −R αβ αµ¯(q) +R
α
α βµ¯(q) +R
α
µ¯ αβ(q) = R
α
α βµ¯(q) +R
α
µ¯ αβ(q),
which implies R α
α ββ¯
(q) = −R α
β¯ αβ
(q) = 14Q. 
Then we have the main theorem of this section.
Theorem 5.1. For a contact Riemannian manifold (M,θ, h, J) such that Q(q) 6= 0 for some
point q. If we choose the normalized contact form and the special frame as Proposition 5.1, then
(1.8) holds. In particular, there exists ε > 0 such that Yθ(f
ε) < λ(H n).
We write the volume form of the contact manifold dVθ = (−1)
nθ ∧ dθn as
dVθ = (v0 + v1 + v2 + O3)dV, (5.1)
where vj is a homogeneous polynomial of degree j = 0, 1, 2 and dV = (−1)
nΘ∧dΘ. By θ(2) = Θ
in (2.22) we find v0 = 1.
Proposition 5.2. On the contact Riemannian manifold (M,θ, h, J), we have the following
expansion. ∫
M
|f ε|pdVθ = a0(n) + a1(n)ε+ a2(n)ε
2 +O(ε3),∫
M
|df ε|2HdVθ = b0(n) + b1(n)ε+ b2(n)ε
2 +O(ε3),∫
M
R|f ε|2dVθ = c2(n)ε
2 +O(ε3),
(5.2)
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where
am(n) =
∫
H n
|Φ|pvmdV,
bm(n) = 2
∫
H n
vjkmZjΦZkΦdV,
c2(n) =
∫
H n
R(q)|Φ|2dV.
(5.3)
m = 0, 1, 2. vm is defined as (5.1) and
vjkm =
∑
m0+m1+m2=m
mi≥0, β
vm0s
j
β(m1+o(j)−1)
skβ¯(m2+o(k)−1). (5.4)
Proof. The estimates (5.2) is similar to the CR case (cf. Proposition 4.2 in [11]), but the third
identity of (5.2) is O(ε3) in the CR case with R(q) = 0. We sketch the proof here. First note
that if a function |ϕ| ≤ CF (ρ), then∫
a<ρ<b
ϕdV = O
(∫ b
a
F (ρ)ρ2n+1dρ
)
.
If we replace (z, t) by δε(z, t) = (εz, ε
2t), we have δ∗εΦ
ε = ε−nΦ, δ∗ε(dV ) = ε
2n+2dV . We also
note that Φ≤C(1 + ρ)−2n (cf. p. 330 in [11]). So∫
M
|f ε|pdVθ =
∫
H n
|ψ|p|Φε|p(1 + v1 + v2 +O(ρ
3))dV
=
∫
ρ<κ/ε
|Φ|p
(
1 + εv1 + ε
2v2 +O(ε
3ρ3)
)
dV +O
(∫
κ/ε<ρ<2κ/ε
|Φ|pdV
)
=
∫
H n
|Φ|p
(
1 + εv1 + ε
2v2
)
dV +O
(∫ ∞
κ/ε
2∑
i=0
εiρi(1 + ρ)−4n−4ρ2n+1dρ
)
+O
(∫ κ/ε
0
ε3ρ3(1 + ρ)−4n−4ρ2n+1dρ
)
+O
(∫ 2κ/ε
κ/ε
(1 + ρ)−4n−4ρ2n+1dρ
)
=
∫
H n
|Φ|p
(
1 + εv1 + ε
2v2
)
dV +O(ε3),
for n ≥ 2. So we get the first identity in (5.2). Noting that |df ε|2H = 〈Wαf
εθα+Wα¯f
εθα¯,Wβf
εθβ+
Wβ¯f
εθβ¯〉 = hαβ¯Wαf
εWβ¯f
ε + hα¯βWα¯f
εWβf
ε = 2Wβf
εWβ¯f
ε, we can write∫
M
|df ε|2HdVθ = 2
∫
M
Wβf
εWβ¯f
εdVθ
= 2
∫
H n
sjβZj(ψΦ
ε)skβ¯Zk(ψΦ
ε)(1 + v1 + v2 + · · · )dV
= 2
∫
ρ<κ
(
vjk0 + v
jk
1 + v
jk
2 +O(ρ
1+o(jk))
)
ZjΦ
εZkΦ
εdV
+O
(∫
κ<ρ<2κ
(|ZjΦ
ε||ZkΦ
ε|+ |ZjΦ
ε||Φε|+ |Φε|2)dV
)
,
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by setting vjkm as (5.4), which is a homogeneous polynomial of degree m + o(jk) − 2. And by
noting that δ∗ε(ZjΦ
ε) = ε−n−o(j)ZjΦ and |ZjΦ|≤C(1 + ρ)
−2n−o(j), then we have∫
M
|df ε|2HdVθ = 2
∫
ρ<κ/ε
2∑
m=0
εmvjkmZjΦZkΦdV +O
(∫ κ/ε
0
4∑
i=2
ε3ρ1+i(1 + ρ)−4n−iρ2n+1dρ
)
+O
(∫ 2κ/ε
κ/ε
4∑
i=0
ε2−i(1 + ρ)−4n−iρ2n+1dρ
)
= 2
∫
H n
2∑
m=0
εmvjkmZjΦZkΦdV +O
(∫ ∞
κ/ε
2∑
m=0
4∑
i=2
εmρm+i−2(1 + ρ)−4n−iρ2n+1dρ
)
+O(ε3)
= 2
∫
H n
2∑
m=0
εmvjkmZjΦZkΦdV +O(ε
3).
So we get the second identity in (5.2). The third identity in (5.2) follows from∫
M
R|f ε|2dVθ =
(∫
H n
R(q)|Φ|2dV
)
ε2 +O(ε3),
(cf. p. 332 in [11]). 
Note that the volume form of the Heisenberg group dV = (−1)nΘ ∧ dΘn can be written as
dV = (−1)nΘ ∧ dΘn = (−1)nΘ ∧ dΘn = (−1)ndt ∧ (−2idzα∧dzα¯)n
= 2nn!dt∧(idz1∧dz1¯)∧ · · · ∧(idzn∧dzn¯) = 4nn!dt ∧ dx1 ∧ dy1 ∧ · · · ∧ dxn ∧ dyn
= 4nn!dtdµ(z) = 4nn!r2n−1dν(ζ)drdt, (5.5)
where dµ(z) is the Lebesgue measure on Cn, and dν is the uniform measure on S2n−1 = {z ∈
C
n : |z| = 1}, normalized so that if z = rζ, ζ ∈ S2n−1, dµ(z) = r2n−1drdν(ζ).
To calculate am(n), bm(n),m = 0, 1, 2 explicitly, we need the following lemmas.
Lemma 5.2. If a real two-form ω = mαβdz
α ∧ dzβ + 2imαβ¯dz
α ∧ dzβ¯ +mα¯β¯dz
α¯ ∧ dzβ¯ , then
nΘ ∧ ω ∧ dΘn−1 = −δαβ¯mαβ¯Θ ∧ dΘ
n,
n(n− 1)Θ ∧ ω2∧dΘn−2 =
(
(δαβ¯δρσ¯ − δασ¯δρβ¯)mαβ¯mρσ¯ +
1
2
(δαρ¯δβσ¯ − δασ¯δβρ¯)mαβmρ¯σ¯
)
Θ∧dΘn.
Proof. This is essentially Lemma 5.1 in [11]. To avoid confusion, we will not use the summation
convention in the proof of this Lemma. We can calculate that
nΘ∧ω∧dΘn−1 = ndt∧
(
2imαβ¯dz
α ∧ dzβ¯
)
∧
(
− 2i
∑
γ
dzγ∧dzγ¯
)n−1
= (−2i)nn!dt∧
(
−
∑
α,β
mαβ¯dz
α ∧ dzβ¯
)
∧
(∑
γ
dz1∧dz1¯ ∧ · · · ∧ d̂zγ ∧ d̂zγ¯ ∧ · · · ∧dzn∧dzn¯
)
= (−2i)nn!
∑
α
(−mαα¯)dt∧dz
1∧dz1¯ ∧ · · · ∧dzn∧dzn¯ = −δαβ¯mαβ¯Θ ∧ dΘ
n.
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Here d̂zγ means the exterior derivative has no dzγ terms. And for the second identity, we can
prove in the same way as the second identity in Lemma 5.1 in [11]. 
Corollary 5.1. As defined by (5.1),
v1 = 0; v2 = −
1
6
R αβ¯ αµ(q)z
β¯zµ −
1
6
R α¯β α¯µ¯(q)z
βzµ¯, mod zβzµ, zβ¯zµ¯. (5.6)
Proof. By the definition of v1,
(dVθ)(2n+3) = (−1)
n(θ∧dθn)(2n+3) = (−1)
n
(
θ(3)∧dΘ
n+nΘ∧(dθ)(3)∧dΘ
n−1
)
= (−1)nv1Θ∧dΘ
n.
By (2.22), θ(3) has no dt term and so θ(3)∧dΘ
n vanishes. Note that (2.9), (2.22) and Proposition
3.1 lead to
(dθ)(3) = Jαβ(1)dz
α∧dzβ + Jα¯β¯(1)dz
α¯∧dzβ¯ , (5.7)
which has no dzα∧dzβ¯ term. So by Lemma 5.2, Θ∧(dθ)(3)∧dΘ
n−1 = 0. Hence v1 = 0.
By the definition of v2 in (5.1), we see that
(dVθ)(2n+4) = (−1)
n(θ ∧ dθn)(2n+4)
= (−1)n
(
θ(4) ∧ dΘ
n + nΘ ∧ (dθ)(4) ∧ dΘ
n−1
+ nθ(3)∧(dθ)(3)∧dΘ
n−1 +
n(n− 1)
2
Θ ∧
(
(dθ)(3)
)2
∧dΘn−2
)
= v2dV = (−1)
nv2Θ ∧ dΘ
n.
By (2.22) and Aab(q) = 0, θ(4) has no dt term, and so the first term of the right hand side
vanishes. By (2.22) and (5.7), θ(3) and (dθ)(3) have no dt term. Hence the third term of the
right hand side vanishes. Now apply Lemma 5.2 to ω = (dθ)(3) in (5.7) to get
n(n− 1)
2
Θ ∧
(
(dθ)(3)
)2
∧dΘn−2 =
1
4
(Jαβ(1)Jα¯β¯(1) − Jαβ(1)Jβ¯α¯(1))Θ∧dΘ
n
=
1
2
Jαβ(1)Jα¯β¯(1)Θ∧dΘ
n =
1
2
Qα¯βγ(q)Q
α
β¯µ¯(q)z
γzµ¯Θ∧dΘn,
by Jab = −Jba in (2.4) and (3.8). Noting that by (2.9), Jαβ(q) = 0 by (2.14) and θ
a
(2) = 0 by
(2.22), we have
(dθ)(4) = (Jαβθ
α ∧ θβ + 2Jαβ¯θ
α ∧ θβ¯ + Jα¯β¯θ
α¯ ∧ θβ¯)(4)
= 2Jαβ¯(2)dz
α ∧ dzβ¯ + 2Jαβ¯(q)θ
α
(3) ∧ dz
β¯ + 2Jαβ¯(q)dz
α ∧ θβ¯(3)
= 2Jαβ¯(2)dz
α ∧ dzβ¯ −
i
3
R αb cλ(q)z
bzcdzλ ∧ dzα¯ −
i
3
R α¯b cλ¯(q)z
bzcdzα ∧ dzλ¯,
= 2i
(
− iJαβ¯(2)dz
α ∧ dzβ¯ +
1
6
R αβ λµ¯(q)z
βzµ¯dzλ ∧ dzα¯ +
1
6
R αβ¯ λµ(q)z
β¯zµdzλ ∧ dzα¯
+
1
6
R α¯β λ¯µ¯(q)z
βzµ¯dzα ∧ dzλ¯ +
1
6
R α¯β¯ λ¯µ(q)z
β¯zµdzα ∧ dzλ¯
)
,
mod dzα ∧ dzβ, dzα¯ ∧ dzβ¯, zαzβ , zα¯zβ¯,
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by using Corollary 2.3. Now Apply Lemma 5.2 to ω = (dθ)(4) to get
nΘ ∧ (dθ)(4) ∧ dΘ
n−1
=
(
iJαα¯(2) −
1
6
R αβ¯ αµ(q)z
β¯zµ −
1
6
R α¯β α¯µ¯(q)z
βzµ¯
)
Θ ∧ dΘn, mod zαzβ, zα¯zβ¯
=
(
−
1
2
Qσ¯αβ(q)Q
σ
α¯µ¯(q)z
βzµ¯ −
1
6
R αβ¯ αµ(q)z
β¯zµ −
1
6
R α¯β α¯µ¯(q)z
βzµ¯
)
Θ ∧ dΘn,
mod zαzβ , zα¯zβ¯ .
Here we have used (3.9) for Jαα¯(2) and Proposition 5.1 for R
α
β αµ¯(q) = R
α¯
β¯ α¯µ
(q) = 0. So we
conclude that
v2Θ∧dΘ
n = nΘ ∧ (dθ)(4) ∧ dΘ
n−1 +
n(n− 1)
2
Θ ∧
(
(dθ)(3)
)2
∧dΘn−2
=
(
−
1
6
R αβ¯ αµ(q)z
β¯zµ −
1
6
R α¯β α¯µ¯(q)z
βzµ¯
)
Θ∧dΘn, mod zβzµ, zβ¯zµ¯.
We finish the proof of this corollary. 
5.2. Calculation of some integrals.
Lemma 5.3. (cf. Proposition 5.3 in [11]) Let A = (α1, · · · , αm), B = (β1, · · · , βm) be the
multi-indices with 1 ≤ αi, βi ≤ n, let δ(A,B) = 1 if A = B and 0 otherwise. Then∫
S2n−1
zα1 · · · zαmzβ¯1 · · · zβ¯mdν =
2πn
(n+m− 1)!
∑
σ∈Sm
δ(A, σB).
Lemma 5.3 leads to following corollary.
Corollary 5.2. If F is a function of r and t, denote Fm =
∫∞
−∞
∫∞
0 F (r, t)r
mdrdt. We have∫
H n
Qγ¯αβ(q)Q
γ
α¯µ¯(q)z
βzµ¯FdV = 2(4π)nQF2n+1,∫
H n
R αβ¯ αµ(q)z
β¯zµFdV =
∫
H n
R α¯β α¯µ¯(q)z
βzµ¯FdV = −
(4π)n
2
QF2n+1,∫
H n
R αρ γλ¯(q)z
ρzα¯zγzλ¯FdV =
∫
H n
R α¯ρ¯ γ¯λ(q)z
ρ¯zαzγ¯zλFdV =
(4π)n
2(n + 1)
QF2n+3,∫
H n
R αρ¯ λγ(q)z
ρ¯zα¯zλzγFdV =
∫
H n
R γ¯
ρ λ¯α¯
(q)zρzγzλ¯zα¯FdV = 0,∫
H n
Qγ¯αλ(q)Q
γ
β¯µ¯
(q)zαzλzβ¯zµ¯FdV =
3(4π)n
n+ 1
QF2n+3,∫
H n
Jαβ¯(2)z
αzβ¯FdV = −
∫
H n
Jβ¯α(2)z
αzβ¯FdV =
3i(4π)n
2(n+ 1)
QF2n+3,∫
H n
Jαβ(2)z
αzβFdV =
∫
H n
Jα¯β¯(2)z
α¯zβ¯FdV = 0.
(5.8)
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Proof. First note that we have (5.5) for dV . By using Lemma 5.3 for m = 1, we get∫
H n
Qγ¯αβ(q)Q
γ
α¯µ¯(q)z
βzµ¯FdV =
∫ ∞
−∞
∫ ∞
0
Qγ¯αβ(q)Q
γ
α¯µ¯(q)
(∫
S2n−1
zβzµ¯dν
)
4nn!r2n+1F (r, t)drdt
= 2(4π)nQF2n+1.
The identities of the second line of (5.8) follows similarly by noting that R α
β¯ αβ
(q) = −14Q in
Proposition 5.1.
Let m = 2 in Lemma 5.3. First we have∫
H n
R αρ γλ¯(q)z
ρzα¯zγzλ¯FdV =
∫ ∞
−∞
∫ ∞
0
R αρ γλ¯(q)
(∫
S2n−1
zρzα¯zγzλ¯dν
)
4nn!r2n+3F (r, t)drdt
= 2
(4π)n
n+ 1
(
R αρ αρ¯(q) +R
ρ
ρ γγ¯(q)
) ∫ ∞
−∞
∫ ∞
0
F (r, t)r2n+3drdt
=
(4π)n
2(n+ 1)
QF2n+3,
by R αρ αρ¯(q) = 0 and R
ρ
ρ γγ¯(q) =
Q
4 in Proposition 5.1. And
∫
H n
R α¯ρ¯ γ¯λ(q)z
ρ¯zαzγ¯zλFdV follows
similarly or by taking conjugation. Similarly, we have∫
H n
R αρ¯ λγ(q)z
ρ¯zα¯zλzγFdV =
2(4π)n
(n+ 1)
(
R αρ¯ αρ(q) +R
α
ρ¯ ρα(q)
)∫ ∞
−∞
∫ ∞
0
F (r, t)r2n+3drdt = 0,
by R ba cd = −R
b
a dc. The second identity of the fourth line in (5.8) follows from taking conjuga-
tion. And also we have∫
H n
Qγ¯αλ(q)Q
γ
β¯µ¯
(q)zαzλzβ¯zµ¯FdV
=
2(4π)n
n+ 1
(
Qγ¯αλ(q)Q
γ
α¯λ¯
(q) +Qγ¯αλ(q)Q
γ
λ¯α¯
(q)
)∫ ∞
−∞
∫ ∞
0
F (r, t)r2n+3drdt =
3(4π)n
n+ 1
QF2n+3.
by (3.3) and the last identity in (3.4). By (3.9), we get∫
H n
Jαβ¯(2)z
αzβ¯FdV =
i
2
∫
H n
Qγ¯αλ(q)Q
γ
β¯µ¯
(q)zαzλzβ¯zµ¯FdV =
3(4π)ni
2(n+ 1)
QF2n+3.
And by Proposition 3.4, we get∫
H n
Jαβ(2)z
αzβFdV =
1
2
∫
H n
zαzβzczdZcZdJαβ(q)FdV =
1
2
∫
H n
zαzβzρ¯zµ¯Zρ¯Zµ¯Jαβ(q)FdV
=
(4π)n
n+ 1
(
Zβ¯Zα¯Jαβ(q) + Zα¯Zβ¯Jαβ(q)
) ∫ ∞
−∞
∫ ∞
0
F (r, t)r2n+3drdt = 0.
The last identity follows from the the anti-symmetry of Jαβ . Taking conjugation, we get∫
H n
Jα¯β¯(2)z
α¯zβ¯FdV = 0. 
Lemma 5.4. (cf. Lemma 5.5 in [11]) Suppose that α, γ + 1, β + 1 and α − γ − 1 are positive
real numbers. If 2α− 2γ − β > 3, then∫ ∞
−∞
∫ ∞
0
|t+ i(1 + r2)|−αrβ|t|γdrdt = N1(α, β, γ),
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where
N1(α, β, γ) =
Γ
(
1
2 (β + 1)
)
Γ
(
α− γ − 12β −
3
2
)
Γ
(
1
2(γ + 1)
)
Γ
(
1
2 (α− γ − 1)
)
2Γ(α− γ − 1)Γ(α2 )
.
By the expression of N1(α, β, γ) above, we get
N1(2n, 2n − 1, 0) =
Γ(n)Γ(n− 1)Γ(12 )Γ(
2n−1
2 )
2Γ(2n − 1)Γ(n)
=
Γ(n− 1)Γ(12 )Γ(
2n−1
2 )
2Γ(2n − 1)
,
N1(2n + 2, 2n − 1, 0) =
Γ(n)Γ(n+ 1)Γ(12 )Γ(
2n+1
2 )
2Γ(2n + 1)Γ(n + 1)
=
Γ(n)Γ(12)Γ(
2n+1
2 )
2Γ(2n + 1)
,
N1(2n + 2, 2n + 1, 0) =
Γ(n+ 1)Γ(n)Γ(12 )Γ(
2n+1
2 )
2Γ(2n + 1)Γ(n + 1)
=
Γ(n)Γ(12)Γ(
2n+1
2 )
2Γ(2n + 1)
,
N1(2n+ 2, 2n + 3, 0) =
Γ(n+ 2)Γ(n − 1)Γ(12 )Γ(
2n+1
2 )
2Γ(2n + 1)Γ(n+ 1)
,
N1(2n+ 4, 2n + 3, 2) =
Γ(n+ 2)Γ(n − 1)Γ(32 )Γ(
2n+1
2 )
2Γ(2n + 1)Γ(n+ 2)
=
Γ(n− 1)Γ(32 )Γ(
2n+1
2 )
2Γ(2n + 1)
.
So we can find that
N1(2n, 2n − 1, 0)
N1(2n+ 2, 2n + 1, 0)
=
4n
n− 1
,
N1(2n+ 2, 2n + 1, 0)
N1(2n+ 2, 2n − 1, 0)
= 1,
N1(2n+ 2, 2n + 3, 0)
N1(2n+ 2, 2n + 1, 0)
=
n+ 1
n− 1
,
N1(2n+ 4, 2n + 3, 2)
N1(2n+ 2, 2n + 1, 0)
=
1
2(n− 1)
.
(5.9)
5.3. Calculation of constants am(n) and bm(n).
Lemma 5.5. For Zj given by (2.17), we have
ZαΦ = inz
α¯ t+ i(|z|
2 + 1)
|w + i|n+2
,
Zα¯Φ = −inz
α t− i(|z|
2 + 1)
|w + i|n+2
,
Z0Φ = −nt
1
|w + i|n+2
.
(5.10)
Proof. By |w + i|−n = (t2 + (|z|2 + 1)2)−
n
2 , we have
∂
∂t
(|w + i|−n) = −nt|w + i|−n−2,
and
∂
∂zα
(|w + i|−n) = −
n
2
|w + i|−n−2 · 2(|z|2 + 1)zα¯ = −nzα¯|w + i|−n−2(|z|2 + 1).
The result follows. 
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Note that we have ∫
S2n−1
dν =
2πn
(n− 1)!
,
by the case m = 0 in Lemma 5.3 and by (5.9) we have
N1(2n+ 2, 2n + 1, 0) = N1(2n + 2, 2n − 1, 0) =
4−nπ
2n
, (5.11)
(cf. p. 341 in [11] for the second identity). Hence by (5.3), (5.5) and v0 = 1 we get
a0(n) =
∫
H n
|Φ|pdV = 4nn!
∫ ∞
−∞
∫ ∞
0
∫
S2n−1
dν
r2n−1
|t+ i(1 + r2)|2n+2
drdt
= (4π)n(2n)N1(2n + 2, 2n − 1, 0) = π
n+1.
(5.12)
And we see that
vjk0 ZjΦZkΦ =
∑
m0=m1=m2=0
sjβ(m1+o(j)−1)s
k
β¯(m2+o(k)−1)
vm0ZjΦZkΦ
= sαβ(0)s
γ¯
β¯(0)
ZαΦZγ¯Φ = ZβΦZβ¯Φ, (5.13)
by (2.24) for sαβ(0) = δ
α
β and s
0
b(1) = 0. So we get
b0(n) = 2
∫
H n
vjk0 ZjΦZkΦdV = 2
∫
H n
ZβΦZβ¯ΦdV = 2
∫
H n
n2|z|2|ω + i|−2n−2dV
= 2n24nn!
∫ ∞
−∞
∫ ∞
0
∫
S2n−1
dν
r2n+1
|t+ i(1 + r2)|2n+2
drdt
= 4n3(4π)nN1(2n+ 2, 2n + 1, 0) = 2n
2πn+1,
(5.14)
by (5.10). By (5.3) and Corollary 5.1, we have
a1(n) =
∫
H n
|Φ|pv1dV = 0. (5.15)
By Proposition 2.8 for sjb and v1 = 0 in (5.6), we can get
vjk1 ZjΦZkΦ =
∑
m0+m1+m2=1
sjβ(m1+o(j)−1)s
k
β¯(m2+o(k)−1)
vm0ZjΦZkΦ
= sαβ(0)s
0
β¯(2)ZαΦZ0Φ+ s
0
β(2)s
γ¯
β¯(0)
Z0ΦZγ¯Φ = z
azbzcF (r, t),
for some functions F (r, t) only depended with r and t. So
b1(n) = 2
∫ ∞
−∞
∫ ∞
0
∫
S2n−1
zazbzcdνF (r, t)drdt = 0, (5.16)
by Lemma 5.3. a2(n) is given by following lemma.
Lemma 5.6.
a2(n) =
πn+1
12n
Q. (5.17)
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Proof. By (5.3), (5.6), the second line of (5.8) and Lemma 5.4, we have
a2(n) =
∫
H n
|Φ|pv2dV =
∫
H n
(
−
1
6
R αβ¯ αµ(q)z
β¯zµ −
1
6
R α¯β α¯µ¯(q)z
βzµ¯
)
|w + i|−2n−2dV
=
1
6
(4π)nQ
∫ ∞
0
∫ ∞
−∞
|t+ i(1 + r2)|−2n−2r2n+1drdt
=
1
6
(4π)nQN1(2n+ 2, 2n + 1, 0) =
πn+1
12n
Q.
We finish the proof of Lemma 5.6. 
To calculate b2(n), we need the following results.
Lemma 5.7. ∫
H n
vab2 ZaΦZbΦdV =
n4 + 2n3 + 2n2
6(n − 1)(n + 1)
(4π)nN1(2n + 2, 2n + 1, 0)Q,∫
H n
(
va02 ZaΦZ0Φ+ v
0a
2 Z0ΦZaΦ
)
dV =
−5n2
6(n − 1)(n + 1)
(4π)nN1(2n + 2, 2n + 1, 0)Q,∫
H n
v002 Z0ΦZ0ΦdV =
2n2
3(n − 1)(n + 1)
(4π)nN1(2n + 2, 2n + 1, 0)Q.
(5.18)
This lemma will be proved in Appendix B, from which we get
b2(n) = 2
∫
H n
vjk2 ZjΦZkΦdV =
n2(n+ 1)
3(n − 1)
(4π)nN1(2n+ 2, 2n + 1, 0)Q =
n(n+ 1)πn+1
6(n− 1)
Q.
(5.19)
We also have
Lemma 5.8.
c2(n) = −
2nπn+1
n− 1
Q. (5.20)
Proof. Applying X = W0, Y = Wµ¯ and taking index a = β in the last identity of (2.9), we get
R 0β 0µ¯ = θ(R(W0,Wµ¯)Wβ) = 0. Hence by definition we have Rβµ¯ = R
α
β αµ¯ + R
α¯
β α¯µ¯, and so we
get
R(q) = hjkRjk(q) = h
βµ¯Rβµ¯(q) + h
β¯µRβ¯µ(q)
= δβµ¯
(
R αβ αµ¯(q) +R
α¯
β α¯µ¯(q)
)
+ δβ¯µ
(
R αβ¯ αµ(q) +R
α¯
β¯ α¯µ(q)
)
= R α¯β α¯β¯(q) +R
α
β¯ αβ(q) = −
1
2
Q,
by Proposition 5.1. Noting that∫
H n
|Φ|2dV =
∫
H n
|w + i|−2ndV =
∫
S2n−1
dν
∫ ∞
0
∫ ∞
−∞
4nn!r2n−1
|t+ i(1 + r2)|2n
drdt
= 2n(4π)nN1(2n, 2n − 1, 0) =
8n2
n− 1
(4π)nN1(2n+ 2, 2n + 1, 0),
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then by (5.3), we get
c2(n) = −
Q
2
∫
H n
|Φ|2dV = −
4n2
n− 1
(4π)nN1(2n + 2, 2n + 1, 0)Q = −
2nπn+1
n− 1
Q.

Proposition 5.3. The extremal of the Yamabe functional on the Heisenberg group is
λ(H n) = 2pn2π.
Proof. Recall that on H n, Θ = dt − izαdzα¯ + izα¯dzα. Then Θ = −2idzα∧dzα¯. So −iδαβ¯ =
dΘ(Zα, Zβ¯) = h(Zα, JZβ¯) = −ih(Zα, Zβ¯), namely h(Zα, Zβ¯) = δαβ¯ . Hence it induces the dual
norm |·, ·|H by 〈Θ
α,Θβ¯〉H = δ
αβ¯ . Then |dΦ|2H = 〈ZαΦΘ
α + Zα¯ΦΘ
α¯, ZβΦΘ
β + Zβ¯ΦΘ
β¯〉H =
2ZβΦZβ¯Φ. Since the curvature tensor R ≡ 0 on the Heisenberg group, by definition we have
λ(H n) =
∫
H n
p|dΦ|2HdV
(
∫
H n
|Φ|pdV )
2
p
=
2p
∫
H n
ZβΦZβ¯ΦdV
(
∫
H n
|Φ|pdV )
2
p
= 2pn2π, (5.21)
by (5.12) and (5.14). 
Remark 5.1. Recall that in [11], Jerison and Lee used the structure equation dθ = ihαβ¯θ
α ∧ θβ¯
(cf. p. 307 in [11]). So in Heisenberg case in [11], dΘ = ihαβ¯Θ
α ∧ Θβ¯ = ihαβ¯dz
α∧dzβ¯. On the
other hand, Θ = dt + izαdzα¯ − izα¯dzα leads to dΘ = 2idzα∧dzα¯, which shows hαβ¯ = 2δαβ¯ on
the Heisenberg group in [11]. So the Yamabe functional here in Proposition 5.3 differs from [11]
by a factor 2.
Proof of Theorem 5.1. Substituting (5.12), (5.15) and (5.17) to the first identity in (5.2), we
get ∫
M
|f ε|pdVθ = π
n+1
(
1 +
1
12n
Qε2
)
+O(ε3),
and so (∫
M
|f ε|pdVθ
)− 2
p
= π−n
(
1−
1
12(n + 1)
Qε2
)
+O(ε3). (5.22)
Substituting (5.14), (5.16) and (5.19) to the second identity in (5.2) leads to∫
M
p|df ε|2HdVθ = 2pn
2πn+1
(
1 +
n+ 1
12(n − 1)n
Qε2
)
+O(ε3). (5.23)
By the third identity in (5.2) and Lemma 5.8, we get∫
M
R|f ε|2dVθ = 2pn
2πn+1
−1
2(n − 1)(n + 1)
Qε2 +O(ε3). (5.24)
Finally, substituting (5.22), (5.23) and (5.24) to the definition of Yθ(f
ε) in (1.4), we get
Yθ(f
ε) =
(∫
M
|f ε|pdVθ
)− 2
p
(∫
M
p|df ε|2HdVθ +
∫
M
R|f ε|2dVθ
)
= 2pn2π
(
1 +
−n(n− 1) + (n+ 1)2 − 6n
12(n − 1)n(n + 1)
Qε2
)
+O(ε3)
= 2pn2π
(
1−
3n− 1
12(n − 1)n(n+ 1)
Qε2
)
+O(ε3).
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As Q > 0 and n > 2, Theorem 5.1 is proved.
It remains to show the existence of the extremal. Note that on a contact Riemannian manifold,
the Folland-Stein normal coordinates in [5] also exist by the same argument (the integrability
of J is not used here), we can get the same estimates in Theorem 4.3 in [9]. Then the existence
of the extremal can be proved in same way as Section 5 and Section 6 in [9] by using the
Folland-Stein normal coordinates.
Appendix A. The transformation formulae
In this appendix, we will discuss the conformal transformations and prove Lemma 4.1. Recall
that here we don’t change {Wa} ∈ HM . Our tensors after conformal transformation is with
respect to {Wa, T̂ } and {θ̂
a, θ̂} satisfying (4.1)-(4.3), e.g.
τ(T̂ ,Wa) = Â
b
aWb, Γ
c
0̂b
= ωcb(T̂ ).
First we will discuss how the connection coefficients, the curvature tensor and the Webster
torsion tensor change under a conformal transformation. The idea in this appendix follows from
the proof of Lemma 10 in [3] with a local T (1,0)M -frame.
A.1. The transformation formulae of the connection coefficients under the conformal
transformations.
Lemma A.1. We have
2h(∇XY,Z) =X(h(Y,Z)) + Y (h(X,Z)) − Z(h(X,Y ))+
− 2h(X,JZ)θ(Y )− 2h(Y, JZ)θ(X) + 2h(X,JY )θ(Z)+
− h([X,Z], Y )− h([Y,Z],X) + h([X,Y ], Z), (A.1)
for any X,Y,Z ∈ TM . And also we have
2h(∇TY,Z) = T (h(Y,Z))− h([T,Z], Y ) + h([T, Y ], Z). (A.2)
for any Y,Z∈HM .
Proof. We refer to p. 334 in [3] for (A.1). For (A.2), we have
T (h(Y,Z)) = h(∇TY,Z) + h(Y,∇TZ) = h(∇TY,Z) + h(Y, [T,Z]) + h(Y, τ∗Z)
= h(∇TY,Z) + h(Y, [T,Z]) + h(τ∗Y,Z) = 2h(∇TY,Z) + h([T,Z], Y )− h([T, Y ], Z),
by ∇T = 0, the definition of the Webster torsion τ∗ and its self-adjointness (see Lemma 2.1). 
Corollary A.1. With respect to any frame {Wa, T} with {Wa} horizontal, we have
Γcab =
1
2
hcd
(
Wa(hbd) +Wb(had)−Wd(hab)
− h([Wa,Wd],Wb)− h([Wb,Wd],Wa) + h([Wa,Wb],Wd)
)
, (A.3)
and
Γc0b =
1
2
hcd
(
T (hbd)− h([T,Wd],Wb) + h([T,Wb],Wd)
)
. (A.4)
ON THE YAMABE PROBLEM ON CONTACT RIEMANNIAN MANIFOLDS 37
Proof. (A.3) follows by substituting X = Wa, Y = Wb, Z = Wd into (A.1). (A.4) follows by
substituting Y =Wb, Z =Wd into (A.2). 
Lemma A.2. Under the conformal transformation (4.1), if u ∈ Om, we have
[T̂ ,Wβ] = [T,Wβ]− iZβZα¯uWα + iZβZαuWα¯ + Em−1(W ), (A.5)
where Om−1E (W ) denote the linear combination of Wj’s with coefficients Om−1.
Proof. We have
[T̂ ,Wβ ] = [e
−2u(T + Jcau
aWc),Wβ]
= e−2u[T,Wβ] + e
−2u[Jcau
aWc,Wβ] + 2e
−2uuβ(T + J
c
au
aWc)
= [T,Wβ ]− (Wβu
a)JcaWc + Om−1E (W )
= [T,Wβ ]− (Wβuµ¯)h
αµ¯Jρα(q)Wρ − (Wβuµ)h
µα¯J ρ¯α¯(q)Wρ¯ + Em−1(W )
= [T,Wβ ]− iZβZα¯uWα + iZβZαuWα¯ + Em−1(W ),
by hαβ¯ = δαβ¯ , J
ρ
α(q) = iδ
ρ
α in (2.14) and ua∈Om−1 for u ∈ Om. (A.5) follows. 
Proposition A.1. Under the conformal transformation (4.1), the connection coefficients of the
TWT connection change as
Γ̂cab = Γ
c
ab + uaδ
c
b + ubδ
c
a − u
chab,
Γ̂ρ
0̂β
= Γρ0β + u0δ
ρ
β −
i
2
(Zρ¯Zβu+ ZβZρ¯u) + Om−1,
(A.6)
where uc = hcdud.
Proof. By Lemma A.1, we get
Γ̂cab =
1
2
e−2uhcd
(
Wa
(
e2uhbd
)
+Wb
(
e2uhad
)
−Wd
(
e2uhab
)
− e2uh([Wa,Wd],Wb)− e
2uh([Wb,Wd],Wa) + e
2uh([Wa,Wb],Wd)
)
= Γcab + uaδ
c
b + ubδ
c
a − u
chab.
Note that
Γ̂ρ
0̂β
=
1
2
ĥρµ¯
(
T̂ (ĥβµ¯)− ĥ([T̂ ,Wµ¯],Wβ) + ĥ([T̂ ,Wβ],Wµ¯)
)
, (A.7)
For the first term in the right hand side of (A.7), according to (4.2), we have
1
2
ĥρµ¯T̂ (ĥβµ¯) =
1
2
e−4uhρµ¯(T + Jeau
aWe)(e
2uhβµ¯) =
1
2
hρµ¯T (hβµ¯) + u0δ
ρ
β + Om−1.
Take conjugation on both sides of (A.5) to get [T̂ ,Wµ¯] = [T,Wµ¯] + iZµ¯ZαuWα¯ − iZµ¯Zα¯uWα +
Em−1(W ). So for the second and third terms of (A.7), we have
−
1
2
ĥρµ¯ĥ([T̂ ,Wµ¯],Wβ) = −
1
2
hρµ¯h
(
[T,Wµ¯] + iZµ¯ZαuWα¯,Wβ
)
+ Om−1
= −
1
2
hρµ¯h([T,Wµ¯],Wβ)−
i
2
Zρ¯Zβu+ Om−1,
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and
1
2
ĥρµ¯ĥ([T̂ ,Wβ ],Wµ¯) =
1
2
hρµ¯h
(
[T,Wβ ]− iZβZα¯uWα,Wµ¯
)
+Om−1
=
1
2
hρµ¯h([T,Wβ ],Wµ¯)−
i
2
ZβZρ¯u+ Om−1.
So (A.7) becomes Γ̂ρ
0̂β
= Γρ0β + u0δ
ρ
β −
i
2(Zρ¯Zβu+ ZβZρ¯u) + Om−1. 
A.2. The transformation formulae of the curvature and Webster torsion tensors
under the conformal transformations. Proof of Lemma 4.1. By ∇T = 0 and τ∗Wa =
τ(T,Wa) = ∇TWa − [T,Wa], we get
Aab = h(A
c
aWc,Wb) = h(τ∗Wa,Wb) = h(∇TWa − [T,Wa],Wb)
= T (hab)− h(Wa,∇TWb)− h([T,Wa],Wb)
= T (hab)− h(Wa, τ∗Wb + [T,Wb])− h([T,Wa],Wb)
= T (hab)−Aba − h([Wa, [T,Wb])− h([T,Wa],Wb).
Since the tensor A is self-adjoint by Lemma 2.1, we get
Aab =
1
2
(
T (hab)− h([Wa, [T,Wb])− h([T,Wa],Wb)
)
.
In particular, Aαβ = −
1
2
(
h(Wα, [T,Wβ ])) + h([T,Wα],Wβ)
)
. Applying Lemma A.2 with the
frame {Wa, T̂}, we get
Âαβ = −
1
2
(
ĥ(Wα, [T̂ ,Wβ])) + ĥ([T̂ ,Wα],Wβ)
)
= Aαβ −
i
2
ZαZβu−
i
2
ZβZαu+ Om−1
= Aαβ − iZαZβu+ Om−1,
by (A.5) and [Zα, Zβ ] = 0. And (2.10) with frame {Wa, T̂}, we get
R̂ γ
α γβ¯
=WγΓ̂
γ
β¯α
−Wβ¯Γ̂
γ
γα − Γ̂
e
γβ¯Γ̂
γ
eα + Γ̂
e
β¯γΓ̂
γ
eα − Γ̂
e
γαΓ̂
γ
β¯e
+ Γ̂eβ¯αΓ̂
γ
γe + 2Γ̂
γ
0̂α
Ĵγβ¯ . (A.8)
By the first identity in (A.6) and (2.14), for u ∈ Om, we have
WγΓ̂
γ
β¯α
=Wγ
(
Γ γ
β¯α
+ uβ¯δ
γ
α − u
γhαβ¯
)
=WγΓ
γ
β¯α
+Wγ(uβ¯)δ
γ
α − h
γµ¯Wγ(uµ¯)hαβ¯
=WγΓ
γ
β¯α
+ ZαZβ¯u− δαβ¯ZγZγ¯u+ Om−1, (A.9)
and
Wβ¯Γ̂
γ
γα =Wβ¯
(
Γγγα + uγδ
γ
α + uαδ
γ
γ
)
=Wβ¯Γ
γ
γα + (n+ 1)Zβ¯Zαu+ Om−1.
Again by the first identity of (A.6), we have Γ̂cab = Γ
c
ab+Om−1. And by (2.26), we have Γ
c
ab = O1.
So we get
Γ̂cabΓ̂
f
de = Γ
c
abΓ
f
de + Om, (A.10)
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for any indices a, b, c, d, e, f . By the second identity of (A.6), Jγβ¯ = −iδγβ¯ in (2.14) and u0 =
Tu = ∂u∂t + Om by (2.25), we have
2Γ̂γ
0̂α
Ĵγβ¯ = 2
(
Γγ0α + u0δ
γ
α −
i
2
Zγ¯Zαu−
i
2
ZαZγ¯u
)
Jγβ¯ + Om−1
= 2Γγ0αJγβ¯ − 2i
∂u
∂t
δαβ¯ − Zβ¯Zαu− ZαZβ¯u+ Om−1. (A.11)
Noting that [Zα, Zβ¯ ] = [
∂
∂zα − iz
α¯ ∂
∂t ,
∂
∂zβ¯
+ izβ ∂∂t ] = 2iδαβ¯
∂
∂t , (A.8) leads to
R̂ γ
α γβ¯
= R γ
α γβ¯
− 2iδαβ¯
∂u
∂t
− (n+ 2)Zβ¯Zαu− δαβ¯ZγZγ¯u+ Om−1
= R γ
α γβ¯
− 2iδαβ¯
∂u
∂t
−
n+ 2
2
(
Zβ¯Zαu+ ZαZβ¯u− 2iδαβ¯
∂u
∂t
)
−
1
2
δαβ¯
(
ZγZγ¯u+ Zγ¯Zγu+ 2ni
∂u
∂t
)
+ Om−1
= R γ
α γβ¯
−
n+ 2
2
(
Zβ¯Zαu+ ZαZβ¯u
)
+
1
2
δαβ¯L0u+ Om−1,
with L0 = −(ZαZα¯ + Zα¯Zα).
A.3. The Covariance of Rabcd and Aab. Fix a contact Riemannian structure (M,θ, h, J) and
a connection ∇. For a frame {Wa} of HM , {Wj} = {Wa, T} is a frame of TM . Take an
invertible transformation for {Wa} by writing
W˜a = v
c
aWc, (A.12)
for an invertible matrix (vca). T˜ = T by θ is fixed. Let {θ˜
b, θ˜} be the coframe dual to {W˜a, T˜}.
Then we can write
θ˜b = ubcθ
c, θc = vcb θ˜
b, (A.13)
where (ucb) is the inverse matrix of (v
c
a), i.e. u
b
cv
c
a = δ
b
a. We write ∇Wa = ω
c
a ⊗ Wc and
∇W˜a = ω˜
c
a ⊗Wc.
Proposition A.2. With the transformation mentioned above, Let A˜ab and R˜abcd be the Webster
torsion tensor and the curvature tensor with respect to {W˜a, T}. Then we have
A˜ab = v
a1
a v
b1
b Aa1b1 , R˜abcd = v
a1
a v
b1
b v
c1
c v
d1
d Ra1b1c1d1 .
Proof. By (A.12), we have
∇W˜a = ∇(v
c
aWc) = dv
c
a ⊗Wc + v
c
a∇Wc =
(
ubcdv
c
a + u
b
cv
d
aω
c
d
)
⊗ W˜b.
So ω˜ba = u
b
cdv
c
a + u
b
cv
d
aω
c
d, which is equivalent to
dvca = ω˜
b
av
c
b − v
b
aω
c
b . (A.14)
Differentiating the second identity of (A.13), we get:
dθc = dvca ∧ θ˜
a + vcadθ˜
a =
(
ω˜bav
c
b − v
b
aω
c
b
)
∧ θ˜a + vcadθ˜
a,
by (A.14). Therefore,
dθ˜a − θ˜b ∧ ω˜ab = u
a
b
(
dθb − θc ∧ ωbc
)
. (A.15)
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So A˜ba = (dθ˜
b− θ˜c∧ω˜bc)(T˜ , W˜a) = u
b
b1
(
dθb1−θc∧ωb1c
)
(T, va1a Wa1) = v
a1
a u
b
b1
Ab1a1 . For the covariance
of Rabcd, we can refer to Section 3 in [23], or it can be achieved in the same way as tensor A by
differentiating (A.14). So we finish proving that Rabcd and Aab are covariant. 
Appendix B. The calculation of a2(n) and b2(n)
In Appendix B we will show the detailed calculation of Lemma 5.7. Recall that our contact
manifold (M,θ, h, J) satisfies Proposition 5.1.
B.1. Calculation of vjk2 .
Lemma B.1. For vjk2 defined in (5.4), we have
vαγ2 = −
1
6
R γd cα¯(q)z
dzc,
vαγ¯2 = −
1
6
(
R αd cγ(q) +R
γ¯
d cα¯(q)
)
zczd + δαβ δ
γ
βv2,
vα¯γ2 = 0,
vα¯γ¯2 = −
1
6
R α¯d cγ(q)z
dzc,
vα02 = −
1
2
Jβα¯(2)z
β −
1
2
Jβ¯α¯(2)z
β¯ +
i
12
R ρ¯d cα¯(q)z
dzczρ −
i
12
R ρd cα¯(q)z
dzczρ¯,
vα¯02 = 0,
v0α2 = 0,
v0α¯2 = −
1
2
Jβα(2)z
β −
1
2
Jβ¯α(2)z
β¯ +
i
12
R ρ¯d cα(q)z
dzczρ −
i
12
R ρd cα(q)z
dzczρ¯,
v002 =
4
9
Qβ¯γλ(q)Q
β
σ¯µ¯(q)z
γzλzσ¯zµ¯.
(B.1)
Proof. In the following we will use Proposition 2.8 repeatedly, especially
sαβ(0) = s
α¯
β¯(0) = δ
α
β , s
α¯
β(0) = s
α
β¯(0) = 0, s
a
b(1) = 0, s
0
b(0) = s
0
b(1) = 0,
and we also have v0 = 1, v1 = 0, by Corollary 5.1. We find that
vαγ2 =
∑
m0+m1+m2=2
sαβ(m1)s
γ
β¯(m2)
vm0
= sαβ(2)s
γ
β¯(0)
v0 + s
α
β(0)s
γ
β¯(2)
v0 + s
α
β(1)s
γ
β¯(1)
v0 + s
α
β(1)s
γ
β¯(0)
v1 + s
α
β(0)s
γ
β¯(1)
v1 + s
α
β(0)s
γ
β¯(0)
v2
= δαβ s
γ
β¯(2)
v0 = s
γ
α¯(2) = −
1
6
R γd cα¯(q)z
dzc,
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by (2.24) for sα
β¯(2)
. Similarly we get
vαγ¯2 =
∑
m0+m1+m2=2
sαβ(m1)s
γ¯
β¯(m2)
vm0 = s
α
β(2)δ
γ¯
β¯
+ δαβ s
γ¯
β¯(2)
+ δαβ δ
γ¯
β¯
v2 = s
α
γ(2) + s
γ¯
α¯(2) + δ
α
γ v2
= −
1
6
(
R αd cγ(q) +R
γ¯
d cα¯(q)
)
zdzc + δαγ v2,
vα¯γ2 =
∑
m0+m1+m2=2
sα¯β(m1)s
γ
β¯(m2)
vm0 = 0,
vα¯γ¯2 =
∑
m0+m1+m2=2
sα¯β(m1)s
γ¯
β¯(m2)
vm0 = s
α¯
β(2)δ
γ¯
β¯
= sα¯γ(2) = −
1
6
R α¯d cγ(q)z
dzc,
vα02 =
∑
m0+m1+m2=2
sαβ(m1)s
0
β¯(m2+1)
vm0 = δ
α
β s
0
β¯(3) = s
0
α¯(3)
= −
1
2
Jβα¯(2)z
β −
1
2
Jβ¯α¯(2)z
β¯ +
i
12
R ρ¯d cα¯(q)z
dzczρ −
i
12
R ρd cα¯(q)z
dzczρ¯,
vα¯02 =
∑
m0+m1+m2=2
sα¯β(m1)s
0
β¯(m2+1)
vm0 = 0,
v0α2 =
∑
m0+m1+m2=2
s0β(m1+1)s
α
β¯(m2)
vm0 = 0,
v0α¯2 =
∑
m0+m1+m2=2
s0β(m1+1)s
α¯
β¯(m2)
vm0 = s
0
β(3)δ
α¯
β¯ = s
0
α(3)
= −
1
2
Jβα(2)z
β −
1
2
Jβ¯α(2)z
β¯ +
i
12
R ρ¯d cα(q)z
dzczρ −
i
12
R ρd cα(q)z
dzczρ¯.
By noting that we have Corollary 3.1 for s0b(2), we get
v002 =
∑
m0+m1+m2=2
s0β(m1+1)s
0
β¯(m2+1)
vm0 = s
0
β(2)s
0
β¯(2) =
4
9
Qβ¯γλ(q)Q
β
σ¯µ¯(q)z
γzλzσ¯zµ¯.
So we finish the proof of Lemma B.1. 
B.2. Proof of Lemma 5.7. By the first identity in (B.1) for vαγ2 and (5.10), we get∫
H n
vαγ2 ZαΦZγΦdV
=
∫
H n
n2
6
R γd cα¯(q)z
dzγ¯zczα¯
t2 + 2i(|z|2 + 1)t− (|z|2 + 1)2
|w + i|2n+4
dV
=
∫
H n
n2
6
R γρ λα¯(q)z
ρzγ¯zλzα¯
t2 + 2i(|z|2 + 1)t− (|z|2 + 1)2
|w + i|2n+4
dV
=
n2(4π)n
12(n + 1)
Q
∫ ∞
−∞
∫ ∞
0
t2 + 2i(r2 + 1)t− (r2 + 1)2
|1 + i(1 + r2)|2n+4
r2n+3drdt, (B.2)
where the last identity is by the third identity in (5.8). Similarly by (B.1), (5.8) and (5.10), we
get ∫
H n
vα¯γ¯2 Zα¯ΦZγ¯ΦdV =
n2(4π)n
12(n + 1)
Q
∫ ∞
−∞
∫ ∞
0
t2 − 2i(r2 + 1)t− (r2 + 1)2
|1 + i(1 + r2)|2n+4
r2n+3drdt. (B.3)
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Recall that we have (5.6) for v2. So we have
∫
H n
v2n
2|z|2
t2 + (|z|2 + 1)2
|w + i|2n+4
dV
= −
1
6
∫
H n
(
R αβ¯ αµ(q)z
β¯zµ +R α¯β α¯µ¯(q)z
βzµ¯
)
n2|z|2
t2 + (|z|2 + 1)2
|w + i|2n+4
dV
=
n2
6
(4π)nQ
∫ ∞
−∞
∫ ∞
0
r2n+3
|t+ i(1 + r2)|2n+2
drdt =
n2
6
(4π)nQN1(2n + 2, 2n + 3, 0),
by (5.8) and Lemma 5.4. Then by (B.1) and (5.10), we get
∫
H n
vαγ¯2 ZαΦZγ¯ΦdV
=
∫
H n
(
−
n2
6
(R αd cγ(q)z
dzc +R γ¯d cα¯(q)z
dzc) + δαγ v2
)
zα¯zγ
t2 + (|z|2 + 1)2
|w + i|2n+4
dV
=
∫
H n
(
n2
6
(
R αρ γλ¯(q)z
ρzα¯zγzλ¯ −R αρ¯ λγ(q)z
ρ¯zα¯zλzγ
−R γ¯
ρ λ¯α¯
(q)zρzγzλ¯zα¯ +R γ¯ρ¯ α¯λ(q)z
ρ¯zγzα¯zλ
)t2 + (|z|2 + 1)2
|w + i|2n+4
+ v2n
2|z|2
t2 + (|z|2 + 1)2
|w + i|2n+4
)
dV
=
n2
6(n+ 1)
(4π)nQ
∫ ∞
−∞
∫ ∞
0
(
t2 + (r2 + 1)2
)
r2n+3
|t2 + i(1 + r2)|2n+4
drdt+
n2
6
(4π)nQN1(2n+ 2, 2n + 3, 0).
(B.4)
The last identity is by the third and fourth identities in (5.8). And by (B.1), we have
∫
H n
vα¯γ2 Zα¯ΦZγΦdV = 0. (B.5)
Taking summation of (B.2), (B.3), (B.4) and (B.5), we get
∫
H n
vab2 ZaΦZbΦdV
=
n2
3(n + 1)
(4π)nQ
∫ ∞
−∞
∫ ∞
0
t2r2n+3
|t2 + i(1 + r2)|2n+4
drdt+
n2
6
(4π)nQN1(2n + 2, 2n + 3, 0)
=
n2
3(n + 1)
(4π)nN1(2n + 4, 2n + 3, 2)Q +
n2
6
(4π)nN1(2n + 2, 2n + 3, 0)Q
=
n4 + 2n3 + 2n2
6(n − 1)(n + 1)
(4π)nN1(2n + 2, 2n + 1, 0)Q,
by using the last identity in (5.9). So the first identity in (5.18) follows.
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By (B.1), (5.10) and substituting identities in (5.8) for certain terms, we get∫
H n
vα02 ZαΦZ0ΦdV
=
∫
H n
(
−
1
2
Jβα¯(2)z
β −
1
2
Jβ¯α¯(2)z
β¯ +
i
12
R ρ¯d cα¯(q)z
czdzρ −
i
12
R ρd cα¯(q)z
czdzρ¯
)
(−in2zα¯)
t2 + it(|z|2 + 1)
|w + i|2n+4
dV
= n2
∫
H n
(
i
2
Jβα¯(2)z
βzα¯ +
i
2
Jβ¯α¯(2)z
β¯zα¯ +
1
12
(
R ρ¯β µ¯α¯(q)z
βzρzµ¯zα¯ −R ρ¯µ¯ α¯β(q)z
µ¯zρzα¯zβ
)
−
1
12
R ρβ µα¯(q)z
βzρ¯zµzα¯
)
t2 + it(|z|2 + 1)
|w + i|2n+4
dV
=
n2
n+ 1
(4π)n
(
−
3
4
+ 0 + 0−
1
24
−
1
24
)
Q
∫ ∞
−∞
∫ ∞
0
t2 + it(r2 + 1)
|t2 + i(1 + r2)|2n+4
r2n+3drdt
= −
5n2
6(n + 1)
(4π)nQ
∫ ∞
−∞
∫ ∞
0
t2 + it(r2 + 1)
|t2 + i(1 + r2)|2n+4
r2n+3drdt. (B.6)
By taking conjugation of (B.6), we get∫
H n
v0α¯2 Z0ΦZα¯ΦdV = −
5n2
6(n+ 1)
(4π)nQ
∫ ∞
−∞
∫ ∞
0
t2 − it(r2 + 1)
|t2 + i(1 + r2)|2n+4
r2n+3drdt. (B.7)
And by (B.1), we get ∫
H n
v0α2 Z0ΦZαΦdV =
∫
H n
vα¯02 Zα¯ΦZ0ΦdV = 0. (B.8)
So taking summation of (B.6), (B.7) and (B.8), we get∫
H n
va02 ZaΦZ0Φ+ v
0a
2 Z0ΦZaΦdV
=
∫
H n
vα02 ZαΦZ0Φ+ v
α¯0
2 Zα¯ΦZ0Φ+ v
0α
2 Z0ΦZαΦ+ v
0α¯
2 Z0ΦZα¯ΦdV
= −
5n2
3(n + 1)
(4π)nQ
∫ ∞
−∞
∫ ∞
0
r2n+3t2
|t2 + i(1 + r2)|2n+4
drdt
= −
5n2
3(n + 1)
(4π)nQN1(2n + 4, 2n + 3, 2) = −
5n2
6(n+ 1)(n − 1)
QN1(2n + 2, 2n + 1, 0),
by (5.9) and Lemma 5.4. So the second identity in (5.18) follows.
By (B.1), (5.9), (5.10), the fifth identity in (5.8) and Lemma 5.4, we get∫
H n
v002 Z0ΦZ0ΦdV =
∫
H n
4
9
Qβ¯γλ(q)Q
β
σ¯µ¯(q)z
γzλzσ¯zµ¯
n2t2
|w + i|2n+4
dV
=
∫ ∞
−∞
∫ ∞
0
4n2
3(n + 1)
(4π)nQ
r2n+3t2
|t2 + i(1 + r2)|2n+4
drdt
=
4n2
3(n+ 1)
(4π)nN1(2n+ 4, 2n + 3, 2)Q =
2n2
3(n + 1)(n − 1)
(4π)nN1(2n + 2, 2n + 1, 0)Q.
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So the third identity in (5.18) follows.
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